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LINEAR WAVES IN THE INTERIOR OF EXTREMAL BLACK HOLES I 


DEJAN GAJIC 

Abstract. We consider solutions to the linear wave equation in the interior region of 
extremal Reissner-Nordstrom black holes. We show that, under suitable assumptions on 
the initial data, the solutions can be extended continuously beyond the Cauchy horizon 
and moreover, that their local energy is finite. This result is in contrast with previously 
established results for subextremal Reissner-Nordstrom black holes, where the local energy 
was shown to generically blow up at the Cauchy horizon. 
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1. Introduction 


One of the most striking features of black hole spacetimes is the possible presence of 
spacetime singularities in their interior. The nature of singularities remains generally poorly 
understood, however, even when one restricts to vacuum spacetimes arising from small per¬ 
turbations of Kerr initial data. 

In order to better understand black hole interiors, we consider the simplest toy model for 
the Einstein equations, governing the dynamics of perturbations of Kerr initial data, the 
linear wave equation on a fixed background spacetime: 


□ = 0 . 


( 1 . 1 ) 


Here, we either take g = ga,Mi the metric of a Kerr spacetime with mass M and angular 
momentum parameter a, with |a| < M, or = ge,M, the metric of a Reissner-Nordstrom 
spacetime with mass M and charge e, with |e| < M. We will view Reissner-Nordstrom as a 
“poor man’s version” of Kerr. 


In this paper, we initiate the mathematical study of (1.1) in the interior region of extremal 


black holes. Specifically, we consider (1.1) in extremal Reissner-Nordstrom (|e| = M). 
Aretakis proved decay in time for solutions 0 and their tangential derivatives along the 
event horizon in 011], starting from Cauchy data on a spacelike hypersurface intersecting 
the event horizon. We first show that, under the assumption of the decay rates from Pi, 
(j) is continuously extendible beyond the Cauchy horizon (the inner horizon). 
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More surprisingly, by assuming stronger decay for the tangential derivatives, we also show 
that the energy of 0 remains hnite, with respect to any uniformly timelike vector held and 
spacelike or null hypersurface intersecting the Cauchy horizon. The required decay along the 
event horizon is proved in upcoming work with Angelopoulos and Aretakis [T]. The hniteness 
of the local energy of 0 at the Cauchy horizon stands in sharp contrast to the interior region 
of subextremal Reissner-Nordstrom, where the corresponding energy of (j) has been shown to 
blow up for generic data |32]. This distinctive property of the extremal Reissner-Nordstrom 
interior was hrst observed by Murata-Reall-Tanahashi in a numerical setting [36] , 

By restricting to spherically symmetric solutions, we show that (j) can in fact be extended 
as a function beyond the Cauchy horizon, if we assume precise asymptotics of (j) that are 
suggested by the numerics in [28] . 

We will show in a subsequent paper [23] that under analogous assumptions for the decay 
in time of 0 along the event horizon of extremal Kerr (|a| = M) and assuming axisymmetry 
of (j), we can extend 0 continuously beyond the Cauchy horizon in the corresponding black 
hole interior. Moreover, the local energy of 0 is hnite at the Cauchy horizon. We will also 
show that the axisymmetry assumption on 0 can be dropped in slowly rotating extremal 
Kerr-Newman spacetimes. 


1.1. Previous results for the linear wave equation on black hole backgrounds. 

A gualitative understanding of the behaviour of solutions to (1.1) in the interior requires 
a guantitative understanding of the solutions in the exterior. That is to say, continuous 
extendibility in the interior depends on precise decay rates for the solutions along the event 
horizon. We will review in this section decay results for the wave equation (1.1) in the 
exterior of extremal and subextremal members of the Kerr-Newman family. We will also 
discuss boundedness and blow-up results in their interior regions. 

Polynomial decay in time for solutions to (1.1) in the exterior was obtained for the 
full subextremal range |a| < M of Kerr spacetimes by Dafermos-Rodnianski-Shlapentokh- 
Rothman in [ 20 ] • This result is the culmination of many partial results by various different 
authors over the past decades. See UHlEo] for comprehensive lists of references. The results 
of [20] have been generalised to subextremal Kerr-Newman in [lOj . 

The geometry of the exterior region of extremal Kerr, where |a| = M, exhibits important 
qualitative differences from the geometry of subextremal Kerr. Most notably, the local red- 
shift effect at the event horizon is absent in extremal Kerr. This is manifested in the study 
of (1.1) as an Aretakis instability, and was discovered by Aretakis in extremal Reissner- 
Nordstrom [ 311 ] and extremal Kerr [ 3 ]. 

Aretakis showed more generally that non-decay of solutions or their transversal derivatives 
along the event horizon of extremal Kerr is a consequence of the existence of conserved 
quantities that do not vanish for generic data, the Aretakis constants. He showed moreover 
that, under the assumption of pointwise decay of solutions and their tangential derivatives 
along the event horizon in affine time v, second-order transversal derivatives even blow up 
as u —)■ oo. Quantitative decay estimates for axisymmetric solutions in extremal Kerr were 
proved in 0 | 7 |. Conserved quantities along the event horizon can also arise for higher-spin 
equations on extremal Kerr [29] • Boundedness and decay statements for (1.1) on extremal 


Kerr without the assumption of axisymmetry of the solutions remain open problems. 

By using the previously established quantitative decay rates for solutions to (1.1) along 
the event horizon of subextremal Reissner-Nordstrom spacetimes (|e| < M), it was shown 
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that solutions are uniformly bounded in the interior and can be extended in beyond the 
Cauchy horizon. 


Theorem A (Franzen 


Let (j) be a solution to (1.1 ) in subextremal Reissner-Nordstrom 


arising from sufficiently regular and suitably decaying data on a spacelike hypersurface S that 
is asymptotically flat at two ends. Then there exists a constant C = C{M,T,) > 0 and a 
constant Dq > 0 that depends on the initial data, such that 


101 < CDo, 

everywhere in the future domain of development o/S. Moreover, 0 admits a extension 
beyond the Cauchy horizon. 


A weaker result, the statement that the above holds for fixed spherical harmonic modes, 
can be deduced from the results of McNamara in [33], together with established quantitative 
decay results along the event horizon in the exterior of Kerr-Newman [10] . 

In the above subextremal setting there is also blow-up present in the interior. In particular, 
for generic initial data, 0 cannot be extended as a function in beyond the Cauchy horizon. 


Theorem B (Luk-Oh [32]). Let f be a solution to (1.1) in subextremal Reissner-Nordstrom 
arising from generic, smooth, compactly supported data on a spacelike hypersurface S that is 
asymptotically flat at two ends. Then 0 fails to be in in a neighbourhood of each point 
on the future Cauchy horizon. 


Blow-up for derivatives of solutions to (1.1) at the Cauchy horizon of subextremal Reissner- 
Nordstrom was hrst proved by McNamara [S^ under an assumption on the event horizon. 
See also earlier numerical work by Simpson-Penrose mi. Later, Poisson-Israel considered 
spherically symmetric nonlinear models describing ingoing and outgoing shells of radiation 
[39] and showed that the Kretschmann scalar blows up at the Cauchy horizon, due to the 
blow-up of a local mass quantity. The phenomenon of “mass-inflation” and the consequent 
blow-up of the Kretschmann scalar were proved by Dafermos in a more general setting 
[niiis], by considering the non-linear, spherically symmetric Einstein-Maxwell-scalar held 
model. See Section 11.61 for more details. 


1.2. The linear wave equation in the interior of extremal Reissner—Nordstrom. 

In this paper, we impose Cauchy data for (1.1) on a spacelike hypersurface S in extremal 
Reissner-Nordstrom. It is appropriate to consider a hypersurface S that is asymptotically 
hat at one end and intersects the black hole interior. Due to the geometry of the interior, 
S must necessarily be incomplete. We restrict to the future domain of dependence of S, 
denoted by D+(S). The event horizon is denoted by and we denote the segment of the 
future Cauchy horizon emanating from future timelike inhnity i'^ in the interior by CRC . 
See Figure [Tj For convenience, we will also denote the entire inner horizon of extremal 
Reissner-Nordstrom by CRC . 

We will often restrict to a subset Du^^vo of C C'H'^ that is the intersection of the 

causal future of the outgoing null hypersurface the causal future of the ingoing null 
hypersurface in the interior and the causal past of the outgoing null hypersurface 
in the interior. Here, u and v are Eddington-Finkelstein double null coordinates, is a 
constant v hypersurface in Ad U that intersects and is a constant u hypersurface 

" as 


in M.. We take Duo,vo to include a segment of CTL^. See Figure We can express D 


110,1)0 
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the set 

= {xe D+{J:)UCH+ : U{x) e [0,t/(Mo)], e [V{vo),M], {U{x),V{x)) ^ (0,M)}, 

with U an ingoing double-null coordinate that is regular at where U = 0, and V an 
outgoing double-null coordinate that is regular at where V = M. 

We can view 0 restricted to H {n > uq} and II fl {m < mq}, arising from Cauchy data 
on S, as characteristic initial data, in order to decouple the analysis in the interior from the 
analysis in the exterior. 

We will hrst of all show that an analogous result to Theorem]^ holds in extremal Reissner- 
Nordstrom. 


Theorem 1. (L°° -boundedness and C^-extendibility) Let cf) be a solution to (1.1) in extremal 
Reissner-Nordstrom arising from suitably decaying data on S. Then there exists a constant 
C = C{M, S) > 0 and a constant Dq > 0 that depends on the initial data, such that 


\ 4 >\ < CDo, 

everywhere in D~^(T). Moreover, (f) admits a extension beyond CTi^. 

In view of the decay results along TL^ in [31 0], it is sufficient to prove the results of 
Theorem [T| starting from appropriate characteristic initial data. 



Figure 1. The Penrose diagram of maximal analytically extended extremal 
Reissner-Nordstrom. 
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We will also show that, in contrast with Theorem 0 can be extended beyond 
as a continnous fnnction in in the extremal case. We hrst formnlate a theorem where 
characteristic initial data are posed on . 


Theorem 2 (ifjQ^-extendibihty; hrst version). Consider suitably regular characteristic initial 
data on U , such that 


/ + 1^01^ < cx). 

J 'H+r\{v>VQ} 

Then 0 can he extended beyond CTL^ as a function. 


( 1 . 2 ) 


The reqnirement (1.2) follows from improved decay resnlts in the exterior of extremal 


Reissner-Nordstrom for solutions arising from snitable Canchy data on S, compared to the 
decay resnlts in See npcoming work with Angeloponlos and Aretakis [1]. We can 

therefore reformnlate Theorem]^ in terms of initial Canchy data on S. 

Theorem 3 (if[Q(,-extendibility; second version, using P). Let (j) be a solution to (1.1) in 


extremal Reissner-Nordstrom arising from suitably regular and decaying data on S. Then 0 
can he extended beyond CTC 


as a function. 


It was hrst suggested by Murata-Reall-Tanahashi in [36] that spherically symmetric 0 
should be extendible in (and in fact, in C^) beyond the Cauchy horizon, in the con¬ 
text of perturbations of extremal Reissner-Nordstrom in the nonlinearly coupled spherically 
symmetric Einstein-Maxwell-scalar held model. See the discussion in Section [L6 


1.2.1. Late-time tails along the event horizon of extremal Reissner-Nordstrom. We can fur¬ 
ther rehne the results of Theorem and obtaining pointwise estimates for the derivatives 
of 0 at the Cauchy horizon, if we have a more precise picture of the decay of 0 in n along 
'H'*", where v is an outgoing Eddington-Finkelstein double-null coordinate. In this section, 
we discuss the asymptotics of 0 in n that are expected to hold along the event horizon of 
subextremal and extremal Reissner-Nordstrom. 

Recall that in Minkowski space, one can show arbitrarily fast decay of 0 in t in a bounded 
region {r < i?} if it decays suitably fast initially in r. In particular, if 0 is initially compactly 
supported, it will vanish in {r < i?} at late times. 

In black hole spacetimes, one expects non-trivial asymptotic behaviour 0 in time, even 
for compactly supported initial data. In subextremal Reissner-Nordstrom the expected 
behaviour of these “late-time tails” is governed by Price’s law [101 . In particular. Price’s 
law predicts for hxed spherical harmonic modes 0z, with I E Nq, arising from compactly 
supported initial data on a spacelike Cauchy hypersurface, that 

and |0^0z| ~ (1.3) 


along the event horizon, where the constants in (1.3) are generically non-vanishing. 

Price’s law (1.3) gives in particular an upper bound for the decay of 0 along the event 
horizon of subextremal Reissner-Nordstrom. Rigorous results pertaining to the upper bound 
in (1.3) have been obtained in [TH |22| |l2l EH |35]. Moreover, Luk-Oh showed in [32] that 0 
cannot decay with a polynomial rate faster than v~^ along the event horizon of subextremal 
Reissner-Nordstrom, for generic, compactly supported data. This fact is made use of in 
Theorem |Bl 

The methods in [ISl [2211121 EH ESI 133 break down in extremal Reissner-Nordstrom, in 
view of the absence of the local red-shift effect. Heuristics and numerics regarding late-time 
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tails for extremal Reissner-Nordstrom in [28l [38] suggest an extremal variant of “Price’s 
law” that in particular predicts: 


\(t>i\^v and 


(1.4) 


along , where the constants in (1.4) are non-vanishing for generic, compactly supported 
initial data on S. 


The decay rates appearing in Price’s law (1.4) are related to the existence of conserved 
quantities along X"*" and . The vanishing of these conserved quantities affects the asymp¬ 
totics of 0. We hrst dehne the conserved quantities. 

It turns out that the following limit in outgoing Eddington-Finkelstein coordinates (m, r, 9, (p), 
if well-dehned, is independent of u\ 


lim / r‘^dr (rcj)) {u,r,9,p>) (ip §2 = 47r/o [0], 

r-^oo Jg2 

where /o[0] is a constant, determined by the initial data on S. The constant /o[0] is known 
as the first Newman-Penrose constant [3Z|. See also pSl IS]. 

Similarly, the following limit in ingoing Eddington-Finkelstein coordinates {v,r,6,(p) is 
independent of v: 

lim / dr{r(j)){v,r,6,(p) dn §2 = 47iMHo[(j)], 
r^M J ^2 

where i/o[0] is a constant, determined by the initial data on S. The constant iPo[0] is known 
as the zeroth Aretakis constant [1]. 

For generic, compactly supported initial data, /o[0] = 0, but ifo[0] 7^ 0. If additionally, 
the data are supported away from then iPo[0] = 0. Solutions arising from initial data 
such that both Pfo[0] = 0 and /o[0] = 0 are considered in a numerical setting in |28]. In this 
case, the following late-time tails are suggested: 

|0i| ~ and \dy(j)i\ ^ (1.5) 


where the constants in (1.5) are non-vanishing for generic initial data on S with i?o[0] = 0 
and Jo[0] = 0. 

See also upcoming work with Angelopoulos and Aretakis on late-time tails in spherically 
symmetric black hole backgrounds [2]. 

One can consider the asymptotic behaviour of 0 along beyond Price’s law as stated 
in (1.4) by including the next-to-leading order term in The numerical analysis in [28] 
suggests that the leading-order terms for the spherically symmetric mode 0o along PL'^, 
arising from compactly supported initial data on S, are given by 


-MHo[(()]v-^ + M^Ho[(j)\v-^ logn. 


Motivated by the above terms, we will introduce the following slightly stronger assumptions 
for the asymptotic behaviour of 0o along PL~^: 

4 >o\n+{v) = -MHo[(j)]v~^ + M^Ho[(j)]v~^logv + 02{v~'^), 
lim rr;^0^(r;^0^0o)|-H+('y) — 2M^iPo[0] logf] is well-dehned. 

V^OO ^ 


( 1 . 6 ) 

(1.7) 
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Here, we use the notation O 2 to group the higher-order terms in v~^, i.e. all terms in 02[v 
decay at least as fast as v~‘^ and fc-th order derivatives, up to A; = 2, decay at least as fast 
as 

Note that the asymptotics (1.6) ensure that the quantity 2M^hro[0] logn 

in (1.7) is uniformly bounded in v, but do not guarantee that the limit as n —)■ 00 is well- 


dehned. 


1.2.2. Pointwise estimates for first-order and second-order derivatives. We can obtain point- 
wise estimates for 0 and its derivatives under stronger assumptions on the asymptotics of 0 
along than those required for Theorem 

First of all, we show that spherically symmetric 0 = 0o are extendible in beyond , 


under an assumption that is compatible with the upper bound in (1.4). We consider, as in 
Theorem]^ characteristic initial data along T-L^. 


Theorem 4 (C^-extendibility of 0o)- Consider suitably regular spherically symmetric char¬ 
acteristic initial data on such that lim^^oo well-defined. Then the 

arising solution 0o can be extended as a function beyond CldC. 


< 


Note that the assumption that is well-dehned implies the unifo rm 

decay estimate | 0 .!; 0 o| 77 + 

Theorem]^ for 0n. 


V 2 , which is a stronger statement than the assumption (1.2) of 


For solutions 0 of (1.1) without any symmetry restrictions, we can still show extendibility 
beyond CVC in the Holder space (7°’“, with a < 1, if we assume decay rates along 77+ that 


are consistent with the upper bound in Price’s law (1.4). 


Theorem 5 (C°’"-extendibility of 0). Let 0 < a < 1. 
istic initial data on 77+ U such that along 77+ 


Consider suitably regular character- 


E 

| fc|<2 


\dyf’‘(p\‘^dn §2 ) (n) < Cqv 2{«+i)^ 


4 

E 

k=l 


I §2 


\f"(l)\^dfrsA{v)<Cv 


-2a 


, h 

for some constant Co > 0, where y denotes k-th order angular derivatives. 

Then the arising solution cf) can be extended as a function beyond CTL^. 

Furthermore, under the more precise assumption for the asymptotics for 0o along the hori¬ 


zon, given in (1.6) and (1.7), which are predicted to hold for suitably regular and compactly 


supported data on E, we show that 0o is extendible as a (7^ function beyond C77" 

Theorem 6 ((7^-extendibility of 0o). Consider suitably regular spherically symmetric char¬ 
acteristic initial data on 77+ C such that the asymptotics in (1.6) and (1.1) hold. Then 
the arising solution 0o can be extended as a C^ function beyond C'HC. 


^See also 1261 . where similar asymptotics are predicted for the radiation fields of spherically symmetric 
solutions to ( |l.l[ ) along I’*' in Schwarzschild, with respect to an ingoing Eddington-Finkelstein null coordinate 
u, arising from initial data with non-vanishing first Newman-Penrose constant imposed along an outgoing 
null hypersurface with additional reflective boundary conditions on the surface {r = i?}, with R > 2M. 
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In the case that Hq ^ 0, given the leading-order behaviour of 0o along in (1.6), the 


proof of the above theorem requires the next-to-leading order term in the asymptotics of 


to correspond exactly with the next-to-leading order term in (1.6). We moreover show that 


any deviation in the next-to-leading order term in the asympttotics leads instead to blow-up 
of the second -ord er transversal derivatives of 0o at . If Hq = 0, the precise terms in the 
asymptotics (1.6) are not important to conclude that 0o is extendible in C'^ beyond Cl-L^. 

the results of Dafermos in [15] imply in particular the blow-up of the 
at each point on the Cauchy horizon in subextremal Reissner- 


In comparison, 
first-order derivatives of 

Nordstrom, if Price’s law (|1.3|) for subextremal Reissner-Nordstrom is assumed as a lower 
bound for 


(in fact, a weaker lower bound is sufficient). 


1.3. Main ideas in the proofs of Theorem and We will illustrate in this section 
the main ideas in the proofs of Theorem [T] and 

In order to obtain the required L? estimates in the interior, we consider appropriately 
weighted energies along null hypersurfaces. It is natural to construct the corresponding en¬ 
ergy currents with respect to suitable vector fields (vector field multipliers) and to moreover 
act with vector fields (commutation vector fields) on solutions to (1.1). This kind of con¬ 
struction is known in the literature as “the vector field method”; see m- We discuss the 


vector field method in more detail in Section 2^, in the setting of the interior of extremal 
Reissner-Nordstrom. Weighted energy estimates derived in Section allow us to obtain 
estimates on the 2-spheres foliating the null hypersurfaces, which in turn lead to 
estimates, by applying standard Sobolev estimates on the 2-spheres; see Section 

The absence of the local red-shift effect (i.e. the vanishing of the surface gravity) in the 
extremal case affects the choice of vector fields that can be used to construct weighted energies 
in the interior. In particular, as shown in |3| in a neighbourhood of the event horizon in the 
exterior of extremal Reissner-Nordstrom, there exists no timelike vector field such that the 
spacetime term in the corresponding energy estimates has the right sign at the event horizon 
(a “red-shift vector field”). Thus, decay along the event horizon cannot be propagated to 
spacelike hypersurfaces in a neighbourhood of the horizon in the interior by employing a 
red-shift vector field, as was done in Schwarzschild [30] and later applied to subextremal 
Reissner-Nordstrom in [2l] . 

There is another important geometric difference between the interior of extremal and 
subextremal Reissner-Nordstrom: the 2-spheres in the extremal interior that are preserved 
under isometries of spherical symmetry are not trapped. In terms of the area radius r of 
the spheres foliating the spacetime and Eddington-Finkelstein double-null coordinates (u, u), 
this means that 

duT < 0 , dyT > 0 , 

in the interior, whereas in subextremal Reissner-Nordstrom the above signs coincide. The 
difference in the sign of d^r in particular means that the spacetime terms in the energy 
estimates corresponding to vector fields of the form 




containing all derivatives of 0, do not have a favourable sign, in contrast with subextremal 
Reissner-Nordstrom (for g > 0 sufficiently large). Both the above vector field and the 
red-shift vector field are crucial for the arguments in [21]. 
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In our extremal case we can, regardless of the above differences, do energy estimates 
directly with respect to a uniformly timelike vector held of the form 

u^du + v'^d^. 


See (5.1) for a dehnition of the full family of vector helds that we will consider. We are able 


to control all the spacetime error terms in the corresponding energy estimates by absorbing 
them into the energy huxes along null hypersurfaces. Similar vector helds are also used 
in the subextremal case, but only sufficiently close to the Cauchy horizon. The reason 
why they can be used everywhere in a neighbourhood of timelike inhnity in the interior of 
extremal Reissner-Nordstrom is related to a third important diherence between the extremal 
and subextremal cases: the metric component Quv in Eddington-Finkelstein double-null 
coordinates decays uniformly in every direction towards in the extremal case, as shown 
in Section whereas Quv is constant along constant r hypersurfaces that approach in the 
subextremal case. 

1.4. Main ideas in the proofs Theorem and In this section we will describe the 


main ideas involved in obtaining the pointwise results in the theorems of Section 1.2.2 


By commuting (1.1) with ingoing null vector helds and angular momentum operators, 
we can extend the results of Theorem [I] to obtain uniform pointwise boundedness and C^- 
extendibility of arbitrarily many derivatives of 0 that are tangential to see Section 

If we restrict to spherically symmetric 0 we can also obtain uniform pointwise bounded ness 
of a regular outgoing transversal derivative dy0 at CTi ffiby writing the wave equation 0 
as a transport equation and integrating in the ingoing null direction, using boundedness of 
a weighted norm for du4> along ingoing radial null geodesics. This is done in Section 4.1 


and 4^ We can show similarly that dy0 can be extended as a continuous function beyond 
to conclude that 0 can be extended as a function, if 0 is spherically symmetric; see 
Section 14.41 

For a solution 0 that is not spherically symmetric, the above method fails; nevertheless 
we are still able to show in Section [ffi3 that dv4> blows up at most logarithmically in v as we 
approach As a consequence, 0 can be extended as a function beyond for 

a < 1. 

In the case of spherically symmetric 0, we can also use the wave equation to propagate 
the asymptotic behaviour of du4> along to all For characteristic initial data with a 
vanishing Aretakis constant Ho, this asymptotic behaviour, together with the asymptotics 
(1.6) for Ho = 0 along is su fficient to infer uniform boundedness of 0^0 for spherically 


symmetric (jr, see Section 4.3p Here, we commute the wave equation (1.1) with dy and 


rewrite it as a transport equation for dycp. Recall moreover that arbitrary many tangential 
derivatives to CH^ are also uniformly bounded. 

If we consider instead data with a non-vanishing Ho, we can still propagate the as¬ 
ymptotic behaviour of du(j) along H_^^ to all H_^. In this case, the constants appearing in 


^Note that a priori uniform boundedness of dy0 only implies boundedness at each point along CH^ of 
drfj), with respect to outgoing Eddington-Finkelstein coordinates (u,r,9,ip) that can be extended beyond 
CTH. However, as the quantity dr{r(j)) is conserved along R+ (cf. the conserved Aretakis constants along 
'H'^) and 0 is uniformly bounded, it follows that dr4i\cH+ must in fact be uniformly bounded. 

^As for the first-order derivative dv(t>, uniform bounde dnes s of dy(j> only guarantees boundedness of 5^0 
at each point of CTH. In fact, assuming the asymptotics (1.6) with Hq 0 0, it can be shown that 5^0 blows 
up as we approach H along CV.^ (cf. the blow-up of 5^0 towards H along 7^+ for LIq 0 0 in |4j.) 
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front of the leading-order term and next-to-leading-order term in (1.6) become vital for 
the argument. That is to say, the asymptotic behaviour of du(j) implies that the differ¬ 
ence dy(f){u,v) — 5y0|-^+(f) must blow up logarithmically in u, as we approach The 

only way of preventing dy(j){u,v) from blowing up at C'H’*’ is to require the leading-order 
term in the asymptotics of dy(j)\'^+{v) to cancel out precisely the term in the difference 
dy(f){u,v) — dycfly^+^v) that blows up logarithmically in v. Remarkably, it turns out that this 
cancellation indeed occurs if we assume the asymptotics (1.6). We can therefore conclude 
that dycf is bounded at for spherically symmetric 0, even if Hq 0. This is also done 
in Section 14.31 

Via similar methods, using again the crucial cancellation described in the above paragraph, 
we can show that dy(j) is continuous at , for spherically s ymm etric 0, to conclude that 
(f can be extended as a (7^ function beyond see Section 4.4 


1.5. The linear wave equation in the interior of Kerr (-Newman). In a subsequent 
paper [25] we consider (1.1) in the interior region of extremal Kerr. We show that analogous 
results to Theorem and Theorem ig hold, if we restrict to axisymmetric solutions 0 and 
assume suitable decay for 0 along the event horizon. We can remove the axisymmetry 
restriction if we consider slowly rotating extremal Kerr-Newman instead of Kerr, i.e. we need 
|a| to be suitably small compared to M. The extendibility of non-axisymmetric 0 beyond 
the Cauchy horizon in or remains an open problem in extremal Kerr. This illustrates 
how the analysis in the extremal Reissner-Nordstrom interior does not quite capture all of 
the difficulties present in the extremal Kerr interior. 

Let us note that an analogue of Theorem can also be obtained in the subextremal Kerr 
interior. See upcoming work of Franzen 


1.6. Nonlinear results and conjectures in interior regions. The linear wave equation 


(1.1) on a fixed Reissner-Nordstrom or Kerr spacetime is the simplest toy model for the 


quantitative behaviour in the interior region of spacetimes arising from small perturbations 
of Kerr initial data, in the context of the Cauchy problem for the vacuum Einstein equations: 


Ric(t/) = 0. 


( 1 . 8 ) 


One strategy for exploring the effect of nonlinearities (“backreaction”) in (1.8) is to im¬ 


pose the restriction of spherical symmetry and consider the nonlinearly coupled Einstein- 
Maxwell-scalar held system of equations. The Einstein equations simplify greatly in spherical 
symmetry, while the coupling with the wave equation and Maxwell’s equations still allows 
for a large variety in global structures of the spacetimes. 


The linear results for (1.1) on a hxed Reissner-Nordstrom or Kerr background and the 


nonlinear results for the spherically symmetric Einstein-Maxwell-scalar held model can more¬ 
over be used to formulate conjectures regarding the global structure of the interior region of 


spacetimes arising from the evolution of perturbations of Kerr initial data for (1.8) and the 
behaviour of metric components at the future spacetime boundaries. 


1.6.1. Results for the spherically symmetric Einstein-Maxwell-scalar field model. We will 
discuss in this section the spherically symmetric Einstein-Maxwell-scalar held system of 
equations, which was studied by Dafermos in [m |T5l Il6|. 












LINEAR WAVES IN THE INTERIOR OF EXTREMAL BLACK HOLES I 


11 


Dafermos showed that black hole solutions approaching a subextremal Reissner-Nordstrom 
solution along the event horizon|^ have a non-empty Cauchy horizon, beyond which the met¬ 
ric can be extended as a function. Moreover, under a lower bound assumption on the 
decay of the scalar held along the event horizon, transversal derivatives of 0 and the 
norm of the Christoffel symbols of the metric blow up at the Cauchy horizon. Dafermos’ 
proof makes use of mass-inhation as a mechanism for blow-up. 

Finally, if one restricts to spacetimes arising from small perturbations of two-ended subex¬ 
tremal Reissner-Nordstrom data, the entire future boundary of the interior region is in fact 
a bifurcate Cauchy horizon across which the metric is C°-extendible but the norm of 
the Christoffel symbols blows up. 

The spherically symmetric Einstein-Maxwell-scalar held system has recently also been 
studied in a similar context with a positive cosmological constant [niGsiiii]. 

Furthermore, the spherically symmetric Einstein-Maxwell-scalar held system has been 
considered by Murata-Reall-Tanahashi in [36] from a numerical point of view, for space- 
times arising from “outgoing” characteristic initial data, where the outgoing initial null hy¬ 
persurface is isometric to a null hypersurface in the exterior region of Reissner-Nordstrom. 
They found that for hne-tuned initial data the corresponding future developments are black 
hole spacetimes containing no (marginally) trapped surfaces of symmetry, that approach 
extremal Reissner-Nordstrom along the event horizon]^ 

Moreover, the numerics in [HB] suggest that the interior region of these spacetimes has 
a non-empty Cauchy horizon across which the metric is extendible in (7° with Christohel 
symbols in at the Cauchy horizon. Additionally, both the scalar held 0 and all its hrst- 
order derivatives remain bounded at the Cauchy horizon. The results of Theorem suggest 
that this behaviour of the scalar held indeed holds. Moreover, the results of Theorem 
suggest that in fact all second-order derivatives should remain bounded at each point along 
the Cauchy horizon. 


1.6.2. Conjectures for the vacuum Einstein equations. Analogues of the linear results for 


solutions to (1.1) in subextremal Reissner-Nordstrbm, and the nonlinear spherically sym¬ 
metric results in the interior region of “asymptotically subextremal” black hole spacetimes, 
are conjectured to hold when one considers small perturbations of subextremal Kerr initial 


data in the context of the Cauchy problem for the vacuum Einstein equations (1.8) 


Recently, Dafermos-Luk proved the following theorem without symmetry assump¬ 


tions in a characteristic initial value problem formulation of (1.8). 

Theorem C (Dafermos-Luk [IT]). Consider characteristic initial data for (1.8) on a bifur¬ 
cate null hypersurface where and have future-affine complete null generators 

and their induced geometry is globally close to and dynamically approaches that of the event 
horizon of a Kerr spacetime at a sufficiently fast polynomial rate, with mass parameters M 
and M, and rotation parameters 0 < |a| < M and 0 < |a| < M, respectively. Then the max¬ 
imal development can be extended beyond a bifurcate Cauchy horizon CldC as a Lorentzian 
manifold with metric. 

One can consider Theorem as a linear, toy model version of Theorem Moreover, the 
nonlinear, spherically symmetric toy model version is contained in the results of [HI IHl [16] . 


“^That is to say, the area radius of the spheres foliating the event horizon approaches a constant r+ > |e|. 
®Here, we mean that the area radius of the spheres foliating the event horizon approaches the constant 
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Theorem is accompanied by a conjecture. 

Conjecture D f[T7]b 

(i) The assumptions on U 'MT' from Theorem hold for spacetimes arising from 
suitably small perturbations of two-ended asymptotically flat subextremal Kerr initial 


Cauchy data for (1.8). 


11 


111 


Under suitable additional assumptions on the induced geometry of TK U from 
Theorem Cldfl is a weak null singularity, across which the metric is inextendible 
as a Lorentzian manifold with locally sguare integrable Christoffel symbols. 

The additional assumptions in (ii) hold for generic asymptotically flat initial data in 


Theorem [B] can be viewed as the linear, toy model version of Conjecture the nonlinear, 
spherically symmetric toy model version is treated in [HI [151 IlH]- The statement (i) in 
Conjecture!^ is part of a conjectured stability statement for the subextremal Kerr exterior. 
See [I7j. In this case, the linear, toy model analogue is proved in [20] . 

Luk performed a local construction of spacetimes with a weak null singularity and without 
any symmetry assumptions in [31] . 

The results of the follow-up paper [25] in the extremal Kerr interior allow us to make the 
following conjecture for axisymmetric perturbations of extremal Kerr characteristic initial 


data for (1.8). 


Conjecture 7. Consider axisymmetric characteristic initial data for (1.8) on a hypersurface 
TL^, where has future-affine complete null generators, and a hypersurface 
that the induced geometry on both hypersurfaces is globally close to extremal Kerr data, and 
along Ti^ the geometry dynamically approaches that of the event horizon of extremal Kerr 
at a sufficiently fast polynomial rate. 

Then the maximal development can be extended beyond a non-trivial Cauchy horizon CKfl 
(emanating from i~^) as a Lorentzian manifold with C^ metric at which the Christoffel symbols 
remain bounded in with respect to a suitable coordinate system. 

We do not even venture a conjecture in the case of non-axisymmetric initial data for 


(1.8), because there are as of yet no boundedness and decay estimates for non-axisymmetric 
solutions 0 to (1.1) in the exterior, nor in the interior of extremal Kerr. Indeed, in both 


regions there are very signihcant additional obstacles that arise for non-axisymmetric 0 that 
remain unresolved. 

1.7. Outline. In Sectionj^we introduce notation and various foliations of the interior region 
of extremal Reissner-Nordstrom. In particular, we construct double-null foliations that are 
regular at either or CTL^ and discuss their properties. We state in Section the main 
theorems that are proved in the paper. We give precise details of the requirements on the 
characteristic initial data that are needed for the results discussed in Section 11.21 to hold. 

In Section 1^ we restrict to spherically symmetric solutions 0 = 0o of (1.1). We establish 
estimates for the derivatives of 0o along null hyper surfaces, in order to prove pointwise 
boundedness of both 0o and its hrst-order derivatives at CTL^, under suitable pointwise decay 
assumptions along TL'^ for 0o and its tangential derivatives. Under more precise assumptions 
on the asymptotic behaviour of (fo, we prove moreover pointwise boundedness of second-order 
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derivatives at Cl-C^. We show that 0o can be extended as a (7°, or fnnction across 
C'H'^, where we need increasingly stronger assnmptions on the asymptotics of 0o along 'H'*' 
to be able to increase the regnlarity at _ 

In Section]^ we establish estimates for solntions 0 to (1.1) without any symmetry re¬ 
strictions, by employing snitably weighted vector helds in the nnll directions and performing 
energy estimates. We also extend these estimates to arbitrarily many derivatives of (j) in the 
angnlar or ingoing nnll directions. 

In Section we nse the estimates of Section to prove pointwise bonndedness of (j) and 
arbitrarily many tangential derivatives at We show moreover that 0 and its derivatives 

in the angnlar or ingoing nnll directions can be extended as (7° fnnctions across . Finally, 
by proving also pointwise estimates for the ontgoing nnll derivative of 0, we establish (7°’“ 
extendibility of (j) across , where a < 1. 


1.8. Acknowledgments. I wish to thank Mihalis Dafermos for snggesting the problem to 
me and for his gnidance and invalnable advice thronghont its execntion. I also wish to thank 
Jonathan Lnk and Harvey Reall for nnmerous helpfnl discnssions, and Norihiro Tanahashi 
for sharing his nnmerical resnlts. 


2. The geometry of extremal Reissner-Nordstrom 

We will discnss some basic geometric properties of extremal Reissner-Nordstrom and con- 
strnct regnlar donble-nnll coordinates that cover the regions on both sides of either the event 
horizon or Canchy horizon. 

2.1. The extremal Reissner-Nordstrom metric. Fix a mass parameter M > 0. We 
dehne the exterior region of extremal Reissner-Nordstrom as a manifold AJext, together 
with a metric g, where Aiext = M x (M, oo) x can be eqnipped with the coordinate chart 
(t, r, 9, (f), with t G M, r G (M, oo), 0 G (0, tt), (p G (0, 27r). 

In these coordinates the metric g in AJext is given by 

g = —Vt^{r)dt^ + Vt~’^{r)dr‘^ + (f. 

Here, 



and ^ with 

+ sin^ 6dif^ 

the metric on a ronnd sphere of radins 1. 

We dehne the interior region of extremal Reissner-Nordstrom as a manifold AJint = M x 
(0, M) X that can similarly be eqnipped with the chart (t, r, 9, (p), with t G M, r G (0, M), 
9 G (0, tt), ip G (0, 27r). 

In these coordinates the metric g in AJint is also given by 

g = —Vf^(r)dt^ + Q~^{r)dr^ + (f. 

Let u and v be fnnctions in AJint, snch that 

2v = t + r*, 

2m = t — r*, 
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where r*(r) is the tortoise function^ which is dehned as a solution to 


dr* 

dr 


Q 


- 2 / 


given explicitly by 

-h 2M log(M — r) + r. (2.1) 

We can change to ingoing Eddington-Finkelstein coordinates {v,r,6,ip) to show that the 
spacetime can be smoothly patched to the spacetime Wlext- The corresponding bound¬ 
ary of Alext inside the patched spacetime is made up of the points (n, M, d, ip), with n G M, 
d G (0, tt) and G (0, 27r). This boundary is called the event horizon and is denoted by . 
It lies in the causal past of Alint- We denote the patched manifold by A1 := AfintUAlextUdf^. 

We can also change to outgoing Eddington-Finkelstein coordinates {u,r,9,(p) in Almt to 
show that Alint can be smoothly embedded into another spacetime Al', by patching Alint 
to a spacetime Algxt is isometric to Alext- The corresponding boundary of Almt and 
-M'ext lies in the causal future of Alint and is denoted by We refer to this boundary 

as the inner horizon] it is composed of the points {u, M,9,ip), with u G M, 0 G (0,7r) and 
if G (0, 27r). We can write Al' = Alint UAl',,UC?f+. 

As Alg^t is isometric to Alext, the manifold Al U Al' can be further extended to form 
an inhnite sequence of patched manifolds isometric to either Alext or Alint, glued across 
horizons. This spacetime Al is called maximal analytically extended Reissner-Nordstrom 
and it is depicted in Figure For the remainder of this paper we will, however, mainly 
direct our attention to the subset Al U 

Note that T := dt is a causal Killing vector held in (Al U C'H^,g), which is timelike in 
Alint U Alext and null along and Moreover, we denote the three spacelike Killing 

vector helds corresponding to the spherical symmetry of the spacetime by Oj, with i = 1, 2, 3. 
They can be expressed in spherical coordinates as: 


Oi = sin (fdg -|- cot 9 cos (fd^, 

O 2 = — cos (fide + cot 9 sin 
O3 = d^p. 

We will also consider Eddington-Finkelstein double-null coordinates, {u,v,9,p), with 
n, n G M, in Alint, in which the metric is given by 

g = —AQ'^dudv + 

We have that n —)■ — 00 as we approach r = M along constant v null hypersurfaces and 
n —)■ cxD as we approach r = M along constant u null hypersurfaces. 


2.2. Double-null foliations of the interior region. Since we will be considering en¬ 
ergy estimates along both ingoing and outgoing null hypersurfaces, it is more convenient to 
work with double-null coordinates in Al, instead of either ingoing or outgoing Eddington- 
Finkelstein coordinates. 

We will show that we can extend the range of the double-null Eddington-Finkelstein 
coordinates (u, n, 6*, p) from Alint to Al by a suitable rescaling of the u coordinate. We can 
similarly extend the range from Alint to Al' by suitable rescaling of the v coordinate. 
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Let — cx) < Mo < 0 and 0 < mq < oo. We introduce the rescaled functions U and V, with 
U e (0,M) and V G (0,M), dehned by 

U{u) = M — r{u, vq), 

V{v) = r{uo,v). 


Then we have that 


^ = -dur{u,vo) = 
du 

— = dyr{uQ,v) = Vt^{uQ,v). 


In double-null coordinates {U, v, 9, the metric is given by 

Q‘^{u,v) 

9 = - \dUdv -h f 

We can also express the metric in double-null coordinates (w, V, 9, (p) by 


g = -A 


Vt^(u, v) 
Q?{uo,v) 


dudV + 


We will show that we can extend f/, a function on Wlint, to the bigger domain M.. We can 
cover M. with double-null coordinates (f/, V, 9, p), where U is an ingoing null coordinate and 
V an outgoing coordinate. That is to say, U is constant along outgoing null hypersurfaces 
and V is constant along ingoing null hypersurfaces that are preserved under isometries of 
spherical symmetry. We can therefore express U = r{U) and use this expression to extend 
as a function on the entire manifold Ai. Then U G (0, cx)). Moreover, by using that r is a 
smooth function on Ai with non-vanishing ingoing null derivative, it follows that U = r{U) 
must be also be a smooth function on Ai. We conclude that the map 


{v,r,9,p) ^ {v,U,9,p) 

is smooth. Moreover, d^r is well-dehned at each point along = {U = 0} for all k eN. 

We can use similar arguments to extend as a smooth function to the entire manifold 
M', with V G (0, cx). The map 

{u,r,9,p) ^ {u,V,9,p) 

is smooth, so dyV is well-defined at each point along = {V = M} for all k eN. 

We will use the notation {u,v,9,p) = {—oo,Vo,9,p) and {u,v,9,p) = {uo,oo,9,p), with 
UqjVq < csD, for points on and CT-C^, respectively, for the sake of convenience. These 
points lie in the domain of either the {U, v) or (m, V) double-null coordinates. 

In M-int U VA U Cl-A we restrict to the region 

Duo,VO = -MintUH+UCH+ : U{x) E [0,U{uo)],V{x) E [V{vo), M],{U{x),V{x)) A (0,M)}. 

Let v' E [mo, oo) and u' = [—x,mo]- We will often restrict to the following null hypersur¬ 
faces: 


iAu''■= {x E M ; U{x) E [0,U{uo)], v{x) = v'}, 

Hu' := {x E M ; U{x) = U{u), v{x) E [mo,C)o)}. 

We refer to the hypersurfaces and Hu' as ingoing and outgoing null hypersurfaces, 
respectively. 
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Figure 2 


We will now introduce some notation to group terms that decay in n, |m|, or in certain 
linear combinations of v and |m|. 

Definition 2.1. 

(i) Let f : Almt H Duo,vo ^ be a -function. We say that f G Ok{{v + |m|)“^), where 
u and V are Eddington-Finkelstein double-null coordinates in if there exists a 

constant C = C{M, S) > 0, such that 

< C{v+ \u\)-^-^, 

for all 0 < ji + j 2 < j, with j < k. We also denote 0{{v + |m|)“ 0 •= + l'w|)~0- 


(ii) We say f G Ok{\u\ if there exist a constant C = C{M,J2) > 0, such that 

\dif\{u,v,e,(p) < c\u\-^-\ 

for all 0 < j < k and we use the notation 0{\u\~^) := Oq{\u\~^). 

Now let f : M. n Duq,vq —t M &e a -function. Then we say that f G Ok{y~’‘) if 
there exists a constant C = C{M, S) > 0, such that 

\dif\{u,v,e,ip) < 

for all 0 < j < k and we use the notation 0{y~^) := 

We will now determine the leading-order behaviour of dur and in v and |w|. 
Proposition 2.1. In Alint we can expand 


-dur = 1-2 


V -Vq 

V + ImI 


-1- (n - Vo) log(n \u\)02{{v + |m|) 


-2n 


-dudur = -kf{vo,u)dur = 2 - 


V -Vq 

V + | m |)2 


(n - no) log(n + \u\)Oi{{v + \u\) 


Proof. We use expression (2.1) to obtain the following implicit relation between r, u and v. 

T 

— 1 = M~^(y — u) — 2 log(M — r) -|- M~^{M — r) — 2. 


M — r M — r 
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Consequently, we can express 


n v ) = 


= M (v — u) — 4M (v — u)log(M — r)(u,v) — 4M (v — u) 

( 2 . 2 ) 


{M -rf 

+ 4(log(M — r){u, v)Y + 8 log(M — r){u, v) + C>2(1)- 


We can estimate 

VL~‘^{u,vq) 


-dur{u,v) = 


v) 


= 1 


v-v, + 2M\0i[§E^) 


V + \u\ — 2Mlog(M — r){u, v) — 2 + {M — r){u, v) 

+ 02 {{v+\u\)-^) 






(2.3) 


V + \u\ V + \u\ — 2Mlog(M — r){u,v) — 2 + (M — r){u,v) 

+ log(T + |m|)(t - Vo)02{{v + |m|)"^) 

= 1 - 2 ^ + log(T + |m|)(t - Vo)02{{v + |m|)“^). 

V + \u\ 

In particular, it follows immediately that 

-dur{0,v) = \im{-dur){U,v) = lim ^ = 1- 

uio^ u^-oo Q-^{u,v) 


Furthermore, we can differentiate (2.3) in u to obtain 


Vt^{u,vo)dur = dudur = 2 - 


In particular, it follows that 


V-Vq 
V + \u\Y 


+ log(T + \u\){v - Vq)Oi{{v + |m|) 


- 3 ) 


dfrriO^v) = \imdfrr = 2M ‘^(v — Vq). 

^ UiO ^ 

We will also need a precise expansion in u and v of dyr in Wlmt- 
Proposition 2.2. In Wlint ^Duo,vo! can expand 
|m| - |mo| 


dyr = 1 — 2- 


V + \u\ 


+ (|m| - |mo|) log(T + \u\)02{{v + |m|) 


-2^ 


d^dyr = Q^{uo,v)dlr = 2 )^^ + (|m| - |Mo|)log(T + \u\)Oi{{v + ImI) ^). 

[v + \u\Y 


Proof. We repeat the arguments in Proposition 2.1, with v and \u\ interchanged. 


□ 


(2.4) 

(2.5) 
□ 
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2.3. The divergence theorem and integration norms. In this section we will introduce 
some basic notation corresponding to the “vector held method”, which was mentioned in 
Section 1.3 In particular, we will set notation for spacetime integrals and integrals over null 
hypersurfaces. 

Let Id be a vector held in a Lorentzian manifold We consider the stress-energy 

tensor T[0] corresponding to (1.1), with components 

Ta/3[0] = - ^gafid'^4'd^4’. 

Let denote the energy current corresponding to V, which is obtained by applying 

Id as a vector held multiplier, i.e. in components 

An energy hux is an integral of contracted with the normal to a hypersurface with 

the natural volume form corresponding to the metric induced on the hypersurface. We apply 
the divergence theorem to relate the energy hux along the boundary of a spacetime region 
to the spacetime integral of the divergence of the energy current . If the boundary has a 
null segment, there is no natural volume form, so the volume form is chosen in such a way 
that the divergence theorem holds. 

That is to say, if we take —oo<Ui<U 2 <Uo and Uq < < '^2 < cxo, the divergence 

theorem in the open rectangle {ui < u < U 2 , vi < n < ^ 2 } in Adint gives the following 
identity: 


' {ui<u<u2, 


divj'^[0] = - 


' Hu2!^{'fl<V<V2} 


J [0] ■ + 


J 


Vr 


■ 


' Huj^r\{vi<v<V2} 


J 


Vr 


du + 


■ 3„. 


( 2 . 6 ) 






Here, we introduced the following notation: 

J^[0] . W = T(ld,W), 


UO,VO 


-)■ 


for vector helds Id and W. Moreover, in the notation on the left-hand side of (2.6), we 
integrate over spacetime with respect to the standard volume form, i.e. let / : MnV 
be a suitably regular function and f/ an open subset of Ad, then 

/ / := / f{u, V, 9, ip) \/ — det gdudvdddcp = / f{u,v,9,ip)2fl'^r‘^dfis2dudv, 


'u 


w 


'u 


where dn §2 is the standard volume form on the round sphere of radius 1. 

When integrating over and we do not have a standard volume form at our disposal, 
so we used the following convention in the notation on the right-hand side of (2.6): 
r rU(no) p 


>H„ 


'Hu 


/:= 


/:= 


/S2 


f r diJi§ 2 dU = 


r-M 


I —00 J 
(*oo r 


f r dfig 2 du, 


lv{vo) dS2 


fr‘^djj,s2dV = 


'VO 


I §2 


f rdfig2dv. 


In the notation of [9j we decompose the divergence term appearing in (2.6) in the following 
way: 


divJ^[cjy]=K^[cj>]+£^ [<!>], 
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where 


£^[<p] := v{<p)ng<p. 


In particular, = 0 if 0 is a solution to (1.1). 

We can write 

r r^iuo) r 


rUQ 


{dufY = 


du 


'H,. 


I §2 


{dufyr^dns2dU= / -j^idufY r^dns2du, 


r-M 


' —oo 
r*oo 


/S2 


dU 


idvfY = 


dv 


JHu 

We have that 


'V{vo) Js‘2 


(dvf) r dus^dV = / r dns 2 dv. 

JvQ J§2 dv 


du 1 

dll dur{u,vo)' 

dv 1 

dV d^r{uo,v) 


By (2.2), there exist constants Ci = Ci(M, mo,To) > 0 and C 2 = C 2 (M, mo,To) > 0 such 
that 

dU 

Civ'^ < ^ < C2v‘^. 
dV 


We rewrite the estimates above by using the following notation: 


so that 


(dufY 


'H,. 


(dvfY 




du 

dU 

dv 

dV 


(•UQ 


’ —OO 

poo 


'VO 


u 


(2.7) 

( 2 . 8 ) 


/S2 


u‘^{dufY dfi^idu^ 


Is2 


v‘^{dyfY dfj,s2dv. 


Now consider a compact subset K C M.', such that moreover K C Then we dehne 

the following norms: 

ll/lli^(A) := [ /^ 

JKnMint 

\\df\\h(K)-= [ {dvfY + (dufY + Iff Y 

JKnMint 


where ^ denotes the covariant derivative restricted to the spheres that are preserved under 
isometries corresponding to spherical symmetry. 
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We can in particular estimate 

m\\hiK) = 




2 - / {dvfr + idufr + \ff\^<C snp / 

Kr\MirA vo<v<oo J 

2 


(2.9) 


+ C sup 


{dvf)\ 


— 00<U<UQ J Hu 


where C = C{K) > 0. 

Consider now the following weighted vector field N in Eddington-Finkelstein double-null 
coordinates: 

N = 7V“(m, v)du + N^{u, v)d^. 

The corresponding compatible current is given by 

K^[4>\ :=T„^[0] V, 

with the components of the deformation tensor | [V^iV^ + V 0 Na\ given by 

= ^n-^g{V9^N,du) = 

^ guvguvN^^^ ^ ^n-^g{Va^N,d,) = 

N^uv ^ guvguv ^ 1^-4 + giVauN, 9,)] 

= {duN^ + + n-^N^dM‘^) , 

= 0 , 

^71^^ = = r-^VL\N^ - 

Moreover, 

T.40] = {d,4>)\ 

T„.[0] = {du4>f 

T„40] = f]2|y0|2^ 

T 4 b[ 0 ] = ( 5 a 0 )( 9 b 0 ) + - l^^n. 

Consequently, 

K"[4>] = r-'(iv” - N'‘)d„4>d„4, - i [a„iv” + a.iv" + n-^d„{a^)N'‘ + n-^8,(if )N'‘] \ f4,\\ 

( 2 . 10 ) 


3. Main results 

In this section we present precise statements of the main results proved in this paper. We 
hrst give a formulation of the standard global existence and uniqueness for the characteristic 
initial value problem for (1.1) in W1 fl D 




Proposition 3.1. Let (p be a continuous function on the union of null hypersurfaces 

(H n {n > Vo})UH^^, 
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such that the restriction to 'H'^ and the restriction to are smooth functions. Then there 


exists a unique, smooth extension of (p to that satisfies (1.1). We also denote 

this extension by 0. We refer to the restriction 4>\(Hn{v>vo})vjH^^ o,s characteristic initial data. 


It is important to note that Proposition iH does not give any information about the 
asymptotic behaviour of 0 towards CTL^. We will state in the subsections below further 
properties of 0, relating to boundedness and extendibility of 0 beyond CTi^. We will need 
to impose suitable additional decay requirements along . 


3.1. Energy estimates along null hyper surfaces. Consider solutions 0 to (1.1) that 


arise from the characteristic initial data in Proposition 3.1 


We will also consider higher-order derivatives of 0. Let us introduce the differential oper¬ 
ator Xm,n,i that is dehned as follows: 

We can prove boundedness of weighted norms along null hypersurfaces for Xm,n,i(p, 
under additional assumptions on suitable initial norms. 

Theorem 3.2 (Higher-order weighted energy estimates). Let m,n> 0 and take 0 < q <2. 
Let (p be a solution to (1.1) corresponding to initial data from Proposition 3.1 satisfying 


m n max{m—n'} 

Eq-,{m,n,l)[(p] ■= ^ ^ ^ 

m'=min{l,m} n'=min{l,n} 


s=0 


''H+n{v>vo} 


'^^i^vX^n' ,n' ,l+s4^) 


+ W Xm' ,n' ,l+s(p\^ + / \u\^{duXm',n',l+s(p)‘^ + X^i ,l^s(PY 


—"0 


< OO. 


Then there exists a constant C = C{M, uq, vq, q, m,n) > 0 such that for all Hu and 

[ v'^{duX„,^u,l<P)" + \u\^Q^\fX„,,u,l<P\"+ [ \u\\duXu,^u,l<P)" + v‘^Q^\fXu,^u,l<P\" 

JHu Jh^ 

— E Eq.^(rn,n,l)[(p\- 


Theorem 3.2 is proved in Proposition 5.1 and Proposition 5.2 Using the estimate (2.9) it 


follows that Theorem 3^ with q = 2 implies Theorem 


3.2. Pointwise estimates and continuous extendibility beyond CTL^. We can also 
obtain estimates in fl Duq,vo and moreover extend 0 as a continuous function beyond 
C-H+. 

Th eor em 3.3 (L°° estimate d™d”O*0). Let m,n > 0 and t ake 0 < q < 2. Let cp be a solution 


to (1.1) corresponding to initial data from Proposition 3.1 satisfying Eq-{m,n,i)[0^(p] < 


OO, such that moreover 


sup / 


| fc|<2 


vq<v'<oo 


< OO. 


u=o 


Then there exists a constant C{M,uo,Vo,m,n,q) > 0 such that 


|M<2 
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Theorem |3.3| is proved in Proposition 6.1[ 

Theorem 3.4 (C'°-extendibility of dl^d^O’‘(j)).lM m,n > 0. Let (j) be a solution to (1.1) 
corresponding to initial data from Proposition 3.1 satisfying J2\k\<2 < oo for 

q > 1. Then can he extended as a function beyond CTi^ fl 


Vo ■ 


Theorem |3.4| is proved in Proposition 6^ Moreover Theorem 3^ and 3.4, together with 
the estimates along the event horizon in Theorem 4 of |1] , imply Theorem 

Theorem 3.5 {L°° estimates for dv4>)- Let (f be a solution to (1.1) corresponding to initial 
data from Proposition \3.1 and denote 

(i) Let 0 < q <2 and take e > 0 to be arbitrarily small. Assume that ^ 

oo, where Eqlcf] := i?g;(o,o,o)[0]; cind moreover 

Pa\2] 


EvA4>] ■■= 


,1+e 


{d,<p)^ + \f<p\^ + \T<p( 


+ D < oo. 


'n+nlv^vo} 

Then there exists a constant C = C{M,vo,uo,e,q) > 0 such that 


\\ 3 v 4 >\? 


2 C' E /. + Cl-r’ E,lO 

I 7.. I O 


Pl<2 


V 


V + m 


log 


V 


V + \u\ 


+ C'(n + |«|) 2 [ 

Js 


\k\<2 

l<|fc|<4 


l <| fc|<4 ^-oo,v 

In particular, cf can he extended as a (7°’" function beyond CTA, for any a < 1. 

(ii) Let (j) = 00, the spherically symmetric angular mode. Then we can estimate 

||9v/0o||ioc(52 j < Cv^{dy(j)o)‘^{-oo,v) + C\u\~‘^Eq[(j)o]. 

Theorem 3^ is proved in Proposition 6^ and implies Theorem 

3.3. C^- and C'^-extendibility of spherically symmetric solutions. If we restrict to 
spherically symmetric initial data in Proposition 3T, we can further show extendibility in 
and (7^, under suitable decay assumptions along CTA . 


Theorem 3.6 {L°° estimate for dycfo). Let 0o be a solution to (1.1) corresponding to spher¬ 
ically symmetric initial data from Proposition 3A_, which also satisfies the following asymp¬ 
totics along Ti^: 

Mn+A) = -M^Hov-^ + M^Hov-Aogv + 

Then there exists a constant Co > 0, depending on the initial data for 0o, such that 

\dy(j)o\{u,v) < Cq. 

for all —oo < u <uo and vq < v < oo. 
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Theorem |3.6| follows from Proposition 4.9[ 


Theorem 3.7 {C^- and C^-extendibility of 0o). Let 0o he a solution to (1.1) corresponding 
to spherically symmetric initial data from Proposition \3.1 

(i) Assume that 

lim is well-defined. 

V^OO 

Then (fo can be extended as a function beyond CTi^. 

(ii) Assume that cfo satisfies the following asymptotics along TL^ : 

4 >o\n+{v) = + M^HQV~‘^\ogv + 02{v~‘^), 

such that moreover 

lim rM(9y0o(—C)0, n) + 2i7o is well-defined. 

Then (f>Q can he extended as a function beyond CTi^. 


(3.1) 


Theorem 3.7|(i) follows from Proposition 4.11 and Theorem |3.7 (ii) follows from Proposi¬ 
tion 4.11 and j4.12] together with Theorem 3.4 Theorem 3.7| (i) and (ii) imply Theorem]^ 
and Theorem respectively]^ 


4. The spherically symmetric mode 0o 
We first consider the special case of spherically symmetric solutions 0o to the wave equation 


(1.1). In this section (fo will always denote a solution to (1.1) corresponding to 


characteristic initial data from Proposition [3T] that we additionally assume to be 
spherically symmetric. It follows that the solution (fo must be spherically symmetric in 
the entire set AA fl Duq,vo- 

In the spherically symmetric setting we can do estimates with respect to weighted 
norms. We can use these to prove uniform boundedness of (fo and dv4>o. We can moreover 
show that dycfo is uniformly bounded, if we assume precise asymptotics for 0 along TL^, and 
that dycfo blows up at CTL~^ if these asymptotics do not exactly hold. 

4.1. Weighted estimates. Uniform boundedness of spherically symmetric solutions 
00 ami their derivatives follows from considering appropriately weighted norms for the 
derivatives of 0o- We can rewrite the wave equation (1.1) as a system of transport equations 
for rd,,d)n and rd„0n: 


duird^cfo) = -d^rdu 
d^{rdu(t)Q) = -durd^ 


(4.1) 

(4.2) 


These transport equations allow us to obtain weighted estimates for rdyf)^ and rdufpo that 
will be central in proving pointwise boundedness results. 

We hrst prove a lemma that can be interpreted as Gronwall’s inequality in two variables. 


®Note that the assumption (3.1) in Theorem 3.7 (ii) can easily be seen to be equivalent to the assumption 


(1.7) in Theorem 1^ by using the precise v dependence of the expression from Section]^ 
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Lemma 4 . 1 . Let —oo < ui < U2 < oo and —oo < < ^2 < C)0. Consider continuous, 

non-negative functions f,g : [ui,U2] x [^1,^2] —>■ IR, and continuous, non-negative functions 
h : [ui,U2] —)• M and k : [^1,^2] —^ Suppose 


f{u,v) + g{u,v) <A + B 


h{u')f{u',v)du'+ / k{v')g{u,v') dv' 


fui 


fvi 


(4.3) 


for all u G [mi,M2] and v G [vi,V2\, where A,B>t) are constants. Then: 

for allu G [mi,M 2 ] andv G [vi,V2], where r/ > 0 can he taken arbitrarily small and ft > 
Proof. We will prove the lemma using a continuity argument. Consider the set 
S := {{u,v) G [ui,U2] X [ni,n 2 ] : the inequality (|4.4[) holds}. 


Since (4.4) trivially holds for all points {ui,v), with v G [^ 1 ,^ 2 ] and with u G [ni,M 2 ], 

by (4.3), S is nonempty. Moreover, by continuity of / and g, S is closed. We are left with 
showing that S is open. It is sufficient to show openess via a bootstrap argument, i.e. we will 
show that for all {u,v) G S: 


£( \ \ ( \ ^ A hfu') du^-\-k(v')dv''\ 

f{u,v)+g{u,v)<aAe ^ ' •'*'1 ^ ^ J, 


(4.5) 


for some a < l-\-g. Indeed, if we can show (4.5) for {u, v) ^ S, S must also contain an open 
neighbourhood of {u,v), by continuity of / and g. 

By combining ( |4.3 ) and (4.4) we obtain 

f{u,v)+g{u,v) 

< A + (1 + g)AB 


= A + tplA 


13 


L” Hv') dv' I h{u) du /„“ h{u') du' I ff k{v) dv 

du' 


' Ul 


ghB k(v') dv' I d 

Jui du' 


fvi 


du 


+ e 


^B£^h{u')du' I ^ ^0Bf^^kiv)dv ^ 


'vx 


< 


< 


J[ ]Atflj[ghBffk(v')dv' ^^0B h(u') du' - 1 j h(u') du' ^^0B ff k(v') dv' _ ^ 




a(i-\- + h) ^0B h{u') du'+ff k{v') dv' 


fd 


< ( 1 k{v')dv']^ 


Hence, (4.5) holds if /S > 

We conclude that S is non-empty, open and closed, so by connectedness of [ui, M 2 ] x [ui, M 2 ], 
S = [mi,M2] X [mi,M2]. By continuity, we can take ft > □ 
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Proposition 4.2. Let —oo < u < uo < 0 and vo < v < oo. For —1 < g < 1 and 
0 < p < 1 — g, there exists a constant C = C{M, uq, Vo,p, g) > 0 such that 


\u'\^\rdu(j)o\{u',v) du'+ / v' ‘^\rdy(j)o\{u,v') dv' 


’Vo 


< C 


\u'f\rdu(j)o\{u',vo)du+ / v' ‘^\rdy(j)o\{uo,v') dv' 


'VQ 


(4.6) 


Similarly, for —1 < p < 1 and 0 < g < 1—p, there exists a constant C = C (M, Uo,Vo, p, g) > 
0 such that 


\u \ ^\rdu(t)o\{u',v) du + / v"^\rd.u(l)o\{u,v') dv' 


'VO 


< C 


\u'\ P\rdu(j)o\{u',Vo)du' + / v'^^lrd^cfoKuo^v') dv' 


'Vo 


(4.7) 


Proof. First of all, by (4.1 
In combination with t 
give 


ne 


) and (^), \do{rdu(t)o)\ = and |9«(ra^0o)| = 

undamental theorem of calculus in the v direction, these estimates 


/ \u'f’\rdu(t)o\{u',v)du' < / \v!f’\rdu(t)o\{v!,VQ)du'+ 

J —OO j —OO 

We can rearrange the terms inside the double integral: 



\u'\p '^ ^ \ rdy(l)f\{u', v') du'dv'. 


Vq j —oo 



vq j —oo 


u'\^^-^^\rdv4>o\du'dv' < C f \u'\^ sup v'^^ldurKu ,v') 

^ J—oo VO<v'<V 


v' ‘^\rd.u(l)Q\{u',v') dv' 


\_J VQ 


du'. 


Since d^r = —we use (|2.2|) to estimate 
Therefore, 


\dur{u,v)\ = Vf^{u,v) < C{v + !«!) 


-2 


./9 


Consequently, 



nr>\dur 


sup v"^\dur\{u',v') <C sup . , < C\v: 

VQ<V'<V VQ<V'<V “T \1l \) 


/1 —2-\-q 


u'\plFLl\rd,(j)Q\du'dv' < C / \u'\P+’^-^ 


Vq j —oo 


v' '^\rd.o(l)Q\{u',v') dv' 


L-/ Vo 


du'. 


By interchanging the roles of u and v we can also obtain 



v' g \rdu(j)o \ du'dv' < C [ v' sup \u'\ ^\dyr\{u',v) 


Vq j —oo 


for p > 0. 


' Vq —00<u'<U 


< C / 


'Vo 


\u'\^\rdu(j)o\{u', v') du' 


\u'f’\rdu4>o\{u', v') du' 
dv', 


dv' 


We now apply Lemma 4T with 

pU pV 

A= \u'\P\rdu(l)o\{u',Vo)du'+ / v~‘^\rd,j(j)o\{uo,v') dv', 


'Vo 


f{u,v)= / v' ^\rdy(j)o\{u,v')dv', 


'VO 
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g{u,v)= \u'\P\rdu4>o\{u\v)du', 

J — OO 

- u,iP+g-2 


h{u) = |m| 
k{v) = 

Note that h and k are integrable for g > — 1 and p + g < 1, so we obtain 

nu nv 

/ \u'Y’\rdu(t)o\{u\v)du + / v~'^\rdv4>o\{u,v') dv' 


' VQ 


< c 


\u'\P\rdu(t)o\{u\vQ)du' + / v '^\rd^(t)o\{uo,v') dv' 


'VO 


We prove (4.7) by interchanging the roles of u and v everywhere above. 


□ 


4.2. L°° estimates for and first-order derivatives. We nse the estimates for the 
derivatives of 0o ia Proposition |4.2| to obtain pointwise estimates for 00- 


Proposition 4.3. Let Mo < 0 and Mo > 0 and fix p = 0. For q < 1, there exists a constant 
C = C{M,uo,Vo,q) > 0, such that for all {u,v) E [— oo,Mo] x 


|0o|(mw) < |0o|(-oo,m) + C'Fo;O,g[0o], 


where 


fUQ 


Fo-,p,q[M-= / \u\P\du(j)o\{u,vo)du'+ / v' '^\dy(j)o\{-oo,v')dv'. 


'VQ 


Proof. Applying the fnndamental theorem of calcnlns in the w-direction, together with the 
hrst estimate of Proposition 4.2 with p = 0, resnlts in the reqnired estimate: 

/ U 

\du(j)o\{u',v) du' 

■OO 

< |0o|(-oow) + (P f \du4>o\{u',Vo)du'+ f v'~‘^\d^(j)o\{-oo,fi)dF 
_J —OO J Vq 

where C > 0 is a nniform constant. □ 


We can nse the transport eqnations (4.1) and (4.2) to moreover establish bonndedness of 
di/00 and dufio, where we replace n by P in (4.1). 


Proposition 4.4. Let Mo < 0 and Vq > 0. For q < 1, there exists a constant C = 
C{M,uo,vo,q) > 0, such that for all {u,v) E [— cx),mo] x ['i^o,C)o), 

\dvfio\i%v) < C [\v‘^d^(j)o\{-oo,v) + Fq.^oAM] ■ (4-8) 

Proof. Recall that 

dv _ f My 

dv \ 
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We now integrate (4.1) to find in {u, V) coordinates 

dyr 


\dv(l)o\{u,V) < \dv(j)o\i-oo,V) + C 


\rdu4>o\{u',V) du' 


< |9y0o|(-oo,i/) + C / \rdu(t)o\{u\V) du' 

< \dv4>o\{-oo,V) + C 


— oo 
pu 


\rdu4>ii\W,VQ)dy! + I v' \dv4>(i\{-oo, v') dv' 

(4.9) 




where we used in the second inequality (2.4) of Proposition 2.2 to estimate 

\dvr\ < C 


and we applied Proposition 4.2 to arrive at the third inequality. 


Finally, from (2.8) it follows that 


M 


-2 


\dv(j)o\{-oo,v) < ( 1 - ^ ) |a„(/)o|(-oo,T) < Cv‘^\d^(j)o\{u,v) 


□ 


Theorem 3.5 (ii) follows from Proposition 4.4 


Similarly, we have uniform boundedness of Note that unlike v, the coordinate u is 

a regular coordinate at the Cauchy horizon. 

Proposition 4.5. Let Uq < 0 and Vq > 0. For q < 1, there exists a constant C = 
C{M,uo,vo,q) > 0, such that for all {u,v) G [— oo,mo] x [to,C)o), 

\du(j)o\iu,v) < C [\du(j)o\{u,Vo) + (vo + |M|)“^Fo;o,g[0o]] • (4.10) 

Proof. By interchange the roles of u and V in the proof of Proposition 4.4[ together with 


sup \dur\{u,v') = Q^{u,Vo) < C{vo + |m|) , 


V0<v'<V 


we immediately arrive at (4.10). 


□ 


4.3. L°° estimates for dycfo. From (2.1) it follows that 

U = M- r{u, Vo) < C{yo + < C\u\-\ (4.11) 

Furthermore, since the initial data in Proposition |3.1| for cfo are smooth, we can apply Taylor’s 
formula at f/ = 0, together with (4.11) to obtain 

du{r(t)o){u,Vo) = -MHq + 0{\u\~^) 

where Hq is the zeroth Aretakis constant, a conserved quantity for (fo along see the 
discussion in Section 11.2.11 


Note that (4.3) is equivalent to 


du{r(t)o){u,Vo) = -M^Ho\u\ ^ + log |m|C>(|m 


|-3^ 


by the estimates in Proposition |2.1[ 

Let us consider the following pointwise decay assumption for cfo along FF 

|r0o|(-oo,T) < Civ~% 

where s > 0 and 0 < Ci < oo. 


(4.12) 


(4.13) 
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duMu, v) = -M^Ho\u\-^ + 0{\u 


I —2—min{s,l} 


)+v-^0{\u\-^). 


Proposition 4.6. Let the initial data for 0o satisfy (4.13). Then we can expand in the 
region \u\ > |mi|, for |mi| suitably large, 

(4.14) 

(4.15) 

(4.16) 


Proof. We rewrite (4.2) in the form 

d,jdu{r(j)o) = {dudyr)(t)o. 

By the fundamental theorem of calculus, we have that 
du{r(j)o){u,v) = du{r(j)o){u,VQ) + 


3 d T 

r0o(^, v^) dv\ 




Consequently, by applying the fundamental theorem of calculus once more and using (4.12), 
we obtain 


r0o(M,n) = r(^o(-oow) + / du{r(l)o){u',v) du' 

J —CO 

PU 

= r(j)o{-oo,v) + du{r(j)o){u',Vo)du'+ 


PU pv 


’ —CO J Vq 


dnd„r 


r(j)o{u\ v') dv'du' 


r 


= cxD, v) — M'^Hf\u\ ^ + 


' —OO O VQ 


^^^—^r(j)o{u',v') dv'du + log |m|(!2(|m 
r 


- 2 \ 


(4.17) 


We have that 0 < dud^r < C{v + |m|) Let us make the bootstrap assumption 


\r(j)Q{u,v) — r0o(—oo,r;)| < 2M'^\Hq\\u\ 


(4.18) 

for all V G [no,C)o). If we use (4.18) together with (4.17) and moreover apply ( 4.13| ), we 
obtain 


\r(j)Q{u,v) — r(j)Q{—oo,v)\ < M'^\Hq\\u\ ^ + 0{\u\ ^loglwD + C 

1 


— OQJVq 


\u'\{v' + |m'|)^ 


dv'du' 


PU PV 


+ c 


dv du 


’ — OO ^ VQ 


v'^{v' + |m')^ 


The above estimate improves the bootstrap assumption (4.18), if we restrict to |m| > |mi|, 
with |mi| suitably large. 

Applying (4.18) and (4.13), we can conclude by (4.16), using again that 0 < dud^r < 
C(v + |m|)“^. 


\du{r(j)o){u,v) + M'^Hq\u\ < C 


'VO 


v'^{v' + |ti'|)^ 
for |m| > |mi|, where |mi| is chosen suitably large. 


dv' + C 


dv' 


•VQ 


|M'|(n'+ |m'|)3 (4.19) 


The lower bound (4.19), together with (4.18) and (4.13), therefore results in the estimate 
^4400 = r"^a„(r0o) - r~^{dur)(t)o 


= -M‘^Ho\u\-^ + + v-^0{\u\-‘^). 


□ 
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The next step is to use the rehned estimate for du(j) to obtain an estimate for dy(l){u,v). 
We will need an additional assumption on the initial data for 0o along T-L^: 

\dy(j)o\{-oo,v) <C 2 V~‘^, (4.20) 

where 6*2 > 0 is a constant. 

Proposition 4.7. Let the initial data for 0o satisfy o,nd (4.2(^ . For q < 1 and |mi| 

suitably large, there exists a uniform constant C = C{M,uo,Vo,Ui,q) > 0 such that 

\rd^yM% V) - Md^yM-oo, V) + 2Ho lognj < CFo.oM + Co, (4.21) 

for all u G (—oo,mi], where Co > 0 depends on the initial data for (f>o- 

Proof. Consider the transport equation (4.1), where we replace v by V. We apply dy to both 
sides of the equation to arrive at 

du{rdy(j)o) = -dyrdu<f>o - dyrdyduCpo - du{dvrdv(j)o) 

= -dyrdu4>o - dudvrdv4>o - 2r"^5yr9„(r5y0o) + 2r~^dvrdurdv4>o (4.22) 

= -dyrdu(po - dudyrdycpo + 2r~^{dvrYdu(l)o + 2r~^dvrdurdv(po, 


where we used the transport equation (4.1) in the last equality. 
We integrate in the w-direction to obtain 

pU 

rdy(j)o{u, V) = Mdy(j)o{-oo, V)- {dyr)du4>o{u , V) du' 


+ / -dudyrdycfo F^.r ^{dvrYducfo + ^.r ^dyrdurdycfodu . 

J —OO 

By applying Proposition 4.2 and Proposition 4.4| we can estimate 

pu 

/ -dudyrdycfo + 2r~^{dyrfdu(t)o + 2r~^dyrdurdy(j)o du' < sup \dy(l)o\{u', V) + C'Fo;o,g[0o] 


—oo<u'<u 

< C\dy(l)o\{ — 00, V) + CFofl^qffo] 


We rearrange the terms above to conclude that 
rdycfoiu, V) - Mdycpoi-oo, V) + [ {dyr)du4>o{u', V) du' 


<C\dycl>o\{-oo,V) + CFo.,o,M, 


where C* > 0 is a uniform constant. 
By Proposition |2.2| we can expand 

^df{uo,v)dyr(u,v) = 2- ^ ^ 


+ (l«l - l^ol) log(T + \u\)Oi{{v + \u\) ^), 


(n + 1 ^ 1)2 

where C* > 0 is a uniform constant. Hence, by moreover using Proposition 4.6|and (2.2), we 


obtain 


{dyr)du(j)o{u', V) du' = -2Hofl ^{uo, v) 


M‘^\u'\{v + \u'\y 

= -2Ho\ogv + Oi(l). 


du' + Oi{l) 


Applying moreover (4.8) and (4.20), we arrive at the hnal estimate 

\rdy(j)o{u,V) - Mdy(j)o{-oo,V) -2Hologv\ < CFo;o,g[0o] + C 
for |m| > |mi|, with |mi| suitably large. 


□ 
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To determine whether dy(j)o{u, v) is bounded, we need to hnd out whether the logarithmic 
term in (4.21) gets cancelled by the leading order term in c}y0o(—oo,u). We need a more 
precise assumption on the asymptotics of 0o, compared to assumption ( |4.20 ). 

We consider the following asymptotic behaviour for 0o along the event horizon, motivated 
by the numerics in [2S] (see the discussion in Section 1.2.1): 


0o(-OO,u) = 


M^Ho M^Ho 


+ 


\ogv + 02{v ^), 


(4.23) 


Note that this expansion implies in particular the assumption (4.13) with q = 1. 

Consequently, by using the expression (2.2) for {dyr)~^{uo,v) = we obtain 


dv(j)o{-oo,v) = (dyr) (uow) 


M^Ho 2M^Ho , , ,, , _ 3 , 

-^—logu + C>i(u N 




V'" 




= M-\v + \uo\y 


logu + Oi{v ) 


Hn 


AM{v+\uo\)\og{v + \uo)^ + Oi{v ) 


(4.24) 


= Ha 


= Ha 


V + |%| 

V 

2HoM 

V 


+ ^^logu + Oi(u-i) 

V 


logu + Oi{v ) 


The above expansion implies the assumption (4.20). 
We take one more u-derivative to obtain 


dydv4>o{-oo,v) = 


2HaM 




\ogv + 0{v ). 


Hence, 


Mdy(f)o{-oo,v) = -2Ho\ogv + 0(1). 


(4.25) 


We can use the asymptotics in (4.24) together with the asymptotics in Proposition 4.6 to 
hrst of all obtain the asymptotics of dv4>o{u,v). 


Proposition 4.8. Let the initial data for cI)q satisfy the asymptotic behaviour (f.23}. Then 
for |mi| suitably large, 

dv(j)oiu,v) = Ho + logu + 0 (|m|“^) + 0(u“^), 


dv{r(j)o){u,v) = MHo + 


2MHa 


V 


logu + 0{v ), 


for all !«! > |mi|. 


Proof. By applying (2.4) of Proposition 2.2 we can estimate 

/ U 

dvrdu(po{u', v) du' 

■OO 

= Mdv(j)o{-oo, v) - (0(m, v) - 0(-oo, v)) + 02 ((u + |m|)“^) 
2HqM ^ _^ i-i\ I mi -i\ 


= MHa 


logu + 0 (|m| ) + 0{v ), 


V 
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where we used (4.24) and Proposition 4.6 to arrive at the last equality. We can rewrite the 
above expressions to obtain 

(9y(r0o)(M,n) = dvr(t)o{u,v) + rdv(i)o{u,v) 

= Mdv(j)o{-oo, v) + 0(-oo, v) + C> 2 ((t + |m|)“^) 

2HoM 


= MHn 


logn + 0{v 




□ 


Remark 4.1. Recall from the discussion in Section 1.2.1 that the limit dr{f'(j^o){v,r) 

is independent of v and is therefore conserved along 'H+. Indeed, we have that 

MHq = lim dr{r(j)o){v,r). 

r^M 


By Proposition f.8, 0o is -extendible beyond , so in outgoing Eddington-Finkelstein 


coordinates {u,r,6,ip) on Alint it follows similarly that the guantity dr{^(l>o){u,r) is 

independent of u and therefore defines another constant: 

MHn = lim dr{r(l)o){u,r). 
r^M 


Remarkably, by using the asymptotics in Proposition f.S, it turns out that Hq = Hq. 


Since the leading order term of Mdy(j){—oo, v) in (4.25) exactly cancels out the logarithmic 
term in (4.21), we can conclude that dycf is bounded at the Cauchy horizon. 


Proposition 4.9. Let the initial data for 0o satisfy the asymptotic behaviour (4.23). Then 

\dl(t)o\{u,v) < Co, 

everywhere in Ai n where Cq > 0 is a constant depending on the initial data. 

Proof. The estimate (4.21), together with ( |4.25[ ) imply immediately that 

\dy(fo\{u,v) < Co, 

for |m| > |mi|, where |mi| is suitably large, where Cq > 0 is a constant depending on the 
initial data. 

We now integrate the expression for du^rdycfo) in (4.22) from ui to uq to obtain 


rdycfoiu, V) - Mdycfoiui, V)+ {dyr)du(j)o{u , V) du 




<C'|ay0o|(-CX),P)+C'Fo;O,,N, 


where we repeated the arguments in Proposition 4.21 with ui replacing —oc. As the interval 
[mi,mo] has a hnite length, we can use (2.2) together with Proposition 4.2 to further estimate 

[ {dyr)du(t)o{u',V) dv! < C f |m||9„0o|(m', P) dn' 


lUi 




< |mi| / \du(t)o\{u, V) du'. 


•Ul 


< C|Mi|Fo;O,q[0o]- 

We can now conclude that for all u G (—oo,mo) 

\dy(j)Q\{u,V) < \dy(j)o\{ui,V) + C\dy(j)o\{-oo,V) + C\ui\Fo.fl^q[(j)o] 
<Co. 


□ 
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Remark 4.2. Let Hq ^ 0. If the leading-order term in Mdy(j)o{—oo, v) is any different from 
(f.25), the estimate (4.21) implies blow-up of \dy(l)Q\{u,v) at C'H'^, for \u\ > |mi|. 

If Hq = 0, the precise constant in the leading-order term of the asymptotics of Mdycfo^—oo, v) 
does not matter and we only need to assume uniform boundedness of Mdy(j)o{—oo,v) to con¬ 
clude that dy(j)o{u,v) is uniformly hounded for all u G (—oo,mo)- 


We have now proved Theorem 3.6 


4.4. Regularity at CH^. From the above sections, we can infer that derivatives of 0o up 
to second order remain bounded at CH^, with respect to {u,V,9,ip) coordinates that are 
regular at CH^, if we assume appropriate asymptotics along 'H+ and suitable regularity 
along II_yg. Under these assumptions, we will furthermore show in this section that 0o can 
be extended as a function beyond CH^. 

We first show that 0o can be extended as a function beyond 

Proposition 4.10. Let the initial data for 0o satisfy Uo;p,o[0o] < oo, for 0 < p < 1. Then 
00 can be extended as a function beyond CTL^. 

Proof. We first need to show that we can extend 0o as a function to the entire region Uno.^o- 
That is to say, 0o is well-defined on CPL^. 

Let Vo := V{vq) and dehne, 

0o(m, M) := 0o(w, Uo) -F lini [ V) dV. 

Jy^ 

Since, 


fM 


dv4>o{u, V') dV' = / dy(j)o{u, v') dv' 


'Vb 


•VQ 


< C-Uo;p,o[0o]) 


for some 0 < p < 1, by Proposition 4.6, we can conclude that (j)o{u,M) is well-defined, for 
all —oo < u < Uq, if Fo;p,o[0o] < oo. 

We will now show that 0o is a continuous function on Duq,vo- Let (ui, Vi) satisfy —oo < 
ui < Uq and Vo < Ui < M. Without loss of generality, we assume u > ui and V < Ui, so 
that 

|0o(mi, Ui) - (fo(u, V)\ < |0o(mi, U) - 0o(m, U)| -F |0o(mi, U) - Ui)| 

< [ \du(j)o\{u4V)du -I [ \dv(j)o\{ui,V')dV'. 

Jui Jv 


\du(j)o\{u,V) du' < C(n,ni)Fo;p,o[0o], 


'Ui 



\dvfo\{uuV')dr <CFo.,pM 


Since, 
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where C,C > 0 are constants and C > 0 depends on u and Ui, we can conclnde that 


, lim \Mui,Vi) - (j)o{u,V)\ < . lim / \du(l)o\{u',V) du 

rVi 

+ lim / \dv(j)o\iui,V') dV' 

y^Vl Jy 

= 0 . 


The fnnction 0o, extended to Du^^voi is therefore continnons. 


□ 


Under stronger assnmptions on the initial data, we can in fact conclnde that 0o is C^- 
extendible. We will show that is U^-extendible. Continnity of follows from 

commnting with du- See also Section 


Proposition 4.11. Let the initial data for satisfy -Fo;p,o[0o] < oo for some p > 0, such 
that moreover hm^,_,.oo is well-defined. Then can be extended as a 

function beyond CTL^. 


6.1 


Proof. We repeat the argnments of Proposition 4.10 with 0o replaced by dv4>o. We can 
therefore conclnde that dv<f>Q is continnons everywhere in Duq^vqj inclnding at CPL^, if we can 
bonnd 


••oo 


dudvcfoiu', v) du' 
dvdv(j)o{ui, v') dv' 




< C{u,Ui)Dq, 

<CDo, 


(4.26) 

(4.27) 


with uq < ui < u and vq < v < oo, where Ho > 0 is a constant depending on the initial 
data. 


In order to estimate (4.26), we nse that du{rdv4>o) = —dycducfo and split 


dudv(fo{u', v) du' 


< 


du{rdv4>o){u',v) du' 


+ C \du(j)o\du' 


<C \du(j)o\du' < C{u,ui)Fo.pfl[(j)o], 


' Ul 


for 0 < p < 1. We can estimate (4.27) by hrst compnting du{dv{rdv(j)o)). We have that 


d^{du{rdv(fo)) = -d^{dvrdu(f>o) 

= -d^{r~^dvr)rdu(j)o - r~^dvrdy{rdu(j)o) 
= -d^{r~^dvr)rdu4>o + r~^dvrdurdy(j)o. 
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Therefore, by using the expression for dydyr from Proposition |2.2|, we can estimate 


dydvcpoiui, v') dv' 


'VO 


< 


' VO 
roo 


'Vo 

c 


dydv4>o{—oo, v') dv' + 
dydv(l)o{-oo,v') dV' 


dudydv<po{u', v') dv' dv'du' 


’ —OO J VO 


■u|(n+|M|) ^\du(j)o\ + (v + \u\) ^dy(j)odv'du‘ 


< 


J —OO J Vq 

lim dv4)o{-oo, v) - dv(f>o(,-oo, vq) + CFo;p,o[0o], 


for 0 < p < 1. 

If we assume that To;p^o[0o] < C )0 for p > 0 and that lim^^oo is well-dehned, 

then we can conclude that is continuous at □ 

In order to conclude that 0o is C'^-extendible beyond we are left with showing that 

cly0o, dvdu(t)o and can be extended as continuous fun ctio ns beyond CH^. Continuous 
extendibility of follows from the estimates in Section 6.1 Continuous extendibility of 
dvdyfpo follows by recalling that 

rdudv(j)o = du{rdv(t)o) - durdv(j)o 
= -dvrdu(j)o - durdv(l)o, 


where we used (4.1). We therefore only have to show that c an be continuously extended 
beyond CH^. We will need to assume the asymptotics in (4.23). 


Proposition 4.12. Let the initial data of (j)o satisfy the asymptotic behaviour (4-23) and 
assume moreover that 


lim C) 0 , n) + 2hfologn is well-dehned. 

V^OO 

Then dycfo can he extended as a function beyond CTL^. 


(4.28) 


Proof. As in the proof of Proposition 4.11, continuity of dycf^ follows from the inequalities 
below: 


/ U2 

••OO 


dudycfoiu ,v) du 
dydy(t)o{uyv') dv' 


'VQ 


< C{u,U2)Do, 

<CDo, 


(4.29) 

(4.30) 


By integrating (4.21) in u, we conclude that 


du{rdy(j)o{u',v)) du 


fU2 


< C sup \dv(t)o\{u', V) CFo;o,g[0o] < CDq. 

U2'^u'<U 


The estimate (4.29) immediately follows. We are left with proving (4.30). 


Let us hrst restrict to the region u < ui, where ui is chosen suitably large, in accordance 

dv' . 


with Proposition 4.6 We can estimate 


dy{rdy(j)o){ui,v') dv' 


'Vo 



poo ■ 


J VQ 


dy{rdy(j)o){-oo,v') + / dudy{rdy4)o){u',v') du' 
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We differentiate (4.22) in v to obtain 

dv[du{rdv(j)o)] = -dy{r~^dvr)rdu(j)o - r~'^dvrdy{rdu(j)o) - dAdvrdv(j)o - dudvrdydv(j)o 
+ 2d^{r~‘^{dvrf)rdu(t) + 2r~‘^{dvrfdy{rdu(po) + 2dy{r~^dvrdur)dv(j)o 
+ 2r~^dvrdurdydv(po 
= [-dy{r~^dyr) + 2dy{r~^{dvry)] rdu(j)o 
+ [-dydudvr + 2dy{r~^dvrdur)] dv(j)o 

[2r~^dvrdur - dudyr] dydv4>o + [2r“^(c}yr)^9^r - r~^dyrdyr] d^(f)Q 
We can bound the integral over u and v of most of the terms on the right-hand side to obtain 


' VO 


fUl 


dy(rdy(/>o)(-oo,v') + / dudy(rdy(/>o)(u', v') du' 


dv' 


< 


'Vo 


d^{rdy(f)Q){-oo,v') 


f^Ul 


d^dyrdu4>o + dud^dvrdv(t)Q du' 


dv' 


+ Cq) 


where Cq > 0 is a constant that depends on the initial data. We used in particular the 
estimates in Proposition 4^ to deal with the dydv(po terms. 

We differentiate the terms in Proposition 2.2 to obtain 


dyv = 2M ^(|m| - |mo|) 

2 T + |Mo| 


V + |mo| 

V -|- \u\ 


+ \u\ log(T 4- \u\)Oi{{v + |n|) 


-1^ 


d^d^r = AM . , ,^3 

[v + \u\y 

\-2 


(|m| - |mo|) + l«l log(^^ + \u\)0{{v + |m|) 


dud^dyr =-2{v + \u\) '^ + 4:\u\{v + \u\) ^-4 log(T-4 |m|)C>((t-4 |m|) ^). 


By using the expressions for du4>o and dycpQ from Proposition |4.6 and Proposition 4.f 
can write 


we 


d^dyvducpo = -4: Hov{v + |m|) ^ + ..., 


dudydyrdycpo =-2Ho{v + \u\) '^ + 4:Ho\u\{v + \u\) ^-f ... 


= 2Wo(t+|m|) - 4:Hov{v + \u\) '^-4..., 

where ... indicates all terms that are bounded after integrating in u and subsequently in v. 
Hence, 


dydyrdu(t)Q + dud^dyrdycpo = 2 Hq{v + |m|) ^ - 8Hov{v + |m|) ^ -t-... 


and 


fUi 


/ dydyrdu(j)o + dudyrdyrdy(j)o du 

J —00 

= 2Hq{v + - AHqv{v -4 -4 ... 

= —2Hq{v + |mi|) ^ , 

where ... indicates terms that are integrable in v. The initial asymptotics 

rdyipf,{-cc>,v’) = -2H(,logv + 0(1) 


(4.31) 
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ensure that the leading order term in (|4.31|) gets cancelled, so we can estimate 

dv' 


r-ni 


d^(rdy(t)o){-oo, v') - / dydyrdu(j)o + dudydvrdv(j)o du' 


•VQ L 

^ C'o + 

^ C'o + 

<6-0, 


'VO 


dy{Mdy(j)o + 2ifologn) 
lim [Mdy(j)o{-oo,v) + 2Ho\ogv] - dy(j)o{-oo,vo) - 2Ho\ogvo 


where we used the assumption (4.28) to arrive at the hnal inequality above. Note that 
this assumption does not follow from the asymptotics in (4.23), as they only imply that 
Mdy(f)o{—oo,v) + 2ifologf is uniformly bounded everywhere along 'H+. 

It now follows that 


dy{rdy(j)o){ui,v') dv' 


' VO 


<C,. 


(4.32) 


By using ( |4.32[ ) and boundedness of U 2 — mi, it is straightforward to show that 

poo 

' dy{rdy(j)o){u2,v')dv' 


fVQ 


<Co. 


and conclude that dy(j)o is continuously extendible beyond 


□ 


5. Energy estimates 


We now consider solutions to (1.1) without any symmetry assumptions. In this section 
0 will always denote a solution to (1.1) corresponding to characteristic initial data 
from Proposition 3.1 In this case, weighted estimates derived by using the divergence 
identity from Section 2.3 , will replace the role of the weighted estimates from Proposition 
021 


Consider the vector held N, 




Np,q = \u\Pdu + vWy, 


(5.1) 


where 0 < p, g < 2. 
We can express 


/ M \^ 

= 1-y 1 dv + HUWU^du, 

where U and V are the regular double-null coordinates from Section We have that 


^(1/)" ( 1 - ^ 


t'^( 1 -f v) 


\ u { U )\ PU ^ ~ |m|p(1 + |m|) 


-2 


-2 


SO Np^q is continuous at and if and only if p, g < 2. Moreover, for p = g = 2, Np^q 
is timelike everywhere in Duo,vo- 
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By (2.10), we have that 


= r-\N^ - N^)du(pd^(p - - [dyN^ + + Q-^du{Q^)N^ + Q-^dy{Q^)N'’] 


= r-\N^ - N^)d, 


2M 


(M - r)(iV“ - iV’^) + duN'^ + dyN'^ 




(5.2) 


We let = v‘^ and iV“ = \u\^ and split 


where 


^nu7M := ^ - \u\^)du(t)dy(t), 


r 

'■ angular L 


^(M - r)(|n|^ - v^) - 


Proposition 5.1. Fixp = 2. TakeO < q <2. There exists a constant C = C{e, M,uo,Vo,q) > 
0 such that for all Hy and H_y in Dy^^y^ 


■ dy + ■ dy 


'Hu 


'H,. 


< C 


[0] ■dy+ [0] • dy 


T-vq 


''R+n{^!>^!o} 

Proof. By applying the divergence theorem in Dy^^^y^, we can estimate 


=: CE.icf]. 


■ dy + / 


■ dy 


I Hu 


I H.. 


JH+niv^vo} 


M ■ a. + / M ■ a. - / A'^v I.#,] + A'~- 


(5.3) 


'A-o 


/ 


angular L 


We hrst consider l^^,^u'^[0]. By (2.2) we have that, 

< C{v + |M|)“^(n'^ - |n|^’)|0„0||0„0|. 
By the Canchy-Schwarz ineqnality, we can estimate for f] > 0, 

+ |n|)“^|0„0||0„0| < v'^{v + 

< sup [(n + |m|^(0u0)^ 

— oo<u'<u 

+ \u\~^ sup [(n' + v^{dy(j)Y 

VQ<v' <v 

< Cv-^-^\uf’{dy(t)f + C'|n|''+^-^’-V(0,0)^ 


for ?7 < 3 — g. 

Similarly, for u and v reversed, we obtain 

|n|^(n + \u\)-^\dy(t)\\dyct)\ < C\u\-^-^v\dyct)f + Cv^+^-^-M^{dyct))\ 

for 7] < 3 — p. 
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We will now estimate We have that, 

- pI'"!”'' + 2Mr-\M - r){v- - lur)] 


Moreover, by (2.2) we have that 

^(M-r) = 


V + m 


+ log(n + |M|)C>((n + |m|) ). 


Consequently, we can rewrite (|5.4|) to obtain 
1 


'■ angular 


q 


2 1 1 
1)2 + 

u\ 

1 p 

2 

V + 

\u\ 



2 ] + 


2 1 
V2 + 

\u\ 

p 

2 1 

V + 

\u\ 





1-2 

2 


P |M 


IP-1 


(5.4) 




(5.5) 


(iP + |u|P) log(iJ + \u\)0{{v + I'ul) 


Note first of all that, if 0 < p < 2, the terms inside square brackets become positive in the 


region |m| > n, as we approach 'H'*', so becomes negative and we are not be able to 

control it. We therefore restrict to p = 2. 

If p = 2 and q < 2, the term inside the square brackets is negative and we can estimate 
> + |Mp) log(n + |M|)C>((n + \u\)~‘^)\'^. 


^ angular 


If p = 2 and q = 2, both the first term and second term multiplying 1^0^ in (5.5) vanish, 
so we can estimate 


^^gular = + l«n log(^ + H)Oiiv + |m|) ^)\f (p\‘^. 

If we £x p = 2, we can therefore estimate for all 0 < g < 2, 

> («’ + l«P) Mo + l«l)0((« + |o|)-'')tf 


with arbitrarily small e > 0 and = Ce{M, uq, vq, e) > 0. We will fix 0 < e < 1. 
Putting all the above estimates together, we hnd that for 0 < g < 2, 


“ Iangular -^1 


N2,q 


U) < c 




-1-ri 


+ \u 




v‘^{d^4>y 




-2+ek,|2o2 


U\ 




We can now apply Lemma 4.1 with 


A= f -8^+ [ ■ du, 

Jn+n{v>vo} 

f{u,v)=[ v'^{d^(j)Y+ \u\^n^\f(i)y, 

J Hu 

g{u,v) = [ \u\‘^{du(py+ v'^Q‘^\f(j)\‘^, 

JKu 

h{u) = 

A;(t;) = + y- 2 +r_ 
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If we take g > 0, /i and k are integrable for 0 < rj < min{g, 1}, and we arrive at the estimate 
in the proposition. □ 


Since □^(0^0) = 0 for all /c G N if 0^0 = 0, the above energy estimate also holds for 
the angular derivatives 0^0. We can also consider the higher-order null derivative operator 
Xm,n) which is dehned as follows: 

Xm,nf := d^d^f. 

As du and are not Killing vector helds, we cannot conclude that □g(Xm,n0) = 0, but 
we can still obtain energy estimates for Xm,n<P by controlling the additional error terms. 

Proposition 5.2. Let m,n > 0, fix p = 2 and take 0 < q < 2. Then there exists a constant 
C = C{M, uq, Vq, q, m,n) > 0 such that for all I >0 and Hu and H_u in Duq^vo, 


/ [X^,nO'0] ■ du 

JHu Jh^ 

m n max{m—m',n—n'} 

E Z E 

m'=min{l,m} n'=min{l,n} s=0 




—^0 


• C*-®q;(m,n,p [0] • 




Proof. Without loss of generality we take / = 0, as we can replace 0 by 0^0 with I > 0, since 
Oi, i = 1,2,3 are Killing vector helds. 

We apply the product rule for higher-order differentiation to obtain 


2n‘^Dg{Xm,n(l)) 


m n / \ / \ 

Xm,n{Og(j)) + 2 EEf D ("j9K(r-'S„r)(4 

HI n / \ / \ 

+ 2 EE (D 


du) {,Xuri—k,n—lfi) 


where $. denotes the Laplacian on S^, the round sphere of radius 1. 
In particular, we can estimate 


2kf^\Ug{Xu,,nfi)\ < C'5^5^(t; + |m|)-('=+'+2) 

k=\ l=\ 

Consequently, we can estimate by using Cauchy-Schwarz, 
2k? = 2k?\\u?du{Xm,n<l>) + V<^du{X^,n(i>)\ P 




< C{V + \u\)-^-fiuY{du{Xru,nfi))' + C{v + \u\)-^-Hfidu{Xrn,n<P)) 


+ C{\uf> + v^) EE p -1- |^i|)-(2*:+2i+3-»?) 

-|- \^XYn—k,n—l' 


k=l /=1 
J. 12 I 


\duXu^—k,n—lfi\ "h \duXuT,—k,n—lfi\ 
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The following equality holds for the angular momentum operators Of. 




s=0 


We can therefore estimate the spacetime integral of by the flux terms of 

J^P’‘i[Xm-k,n-i<P] with k,l > 0 and J^P'‘>[Xm-k,n-iO^(j)\, with fc > 1 or / > 1, multiplied by 
an integral function in u or v, as in Proposition 5.1 We subsequently apply Lemma 4.1[ 

We obtain the energy estimate in the proposition by induction on m and n, in order 
to estimate the energy fluxes with additional derivatives. In the induction step, we 
estimate the fluxes of and J^P'‘’[Xm+i,n+i(j)] by the fluxes of 

J^^’‘‘[X,n,nO''(j)], where s < 1. □ 


We have now proved Theorem 3.2 


Corollary 5.3. Let for m,n > 0 and let S' C ® spacelike hy¬ 

persurface intersecting CTL^, with unit normal n^'. Then there exists a constant C = 
C{M, S', uq, Vq, m,n)>0 such that for all I > 0, 

[ V] ■ < CE2.Xm,n,l) M. 

Jt,' 

Proof. We have that 

[ r^'[X^,^0^4>]-nj,, <C [ <C [ 

Js' Jt, Jt,' 

because ^ 2,2 is uniformly timelike everywhere along S', including at CPC^. 

We then apply the divergence theorem to J^ 2,2 J“(S') fl T*uovo estimate X'^ 2.2 

in Proposition 5.2 □ 


6. POINTWISE ESTIMATES 


6.1. Uniform boundedness of Uniform boundedness of 0 and its u, v and 

angular derivatives follows easily from the energy estimates derived in the previous section. 
As in the previous section, cj) always denotes a solution to (1.1). 


Proposition 6.1. Let 0 < q < 2 and m,n >0. There exists a constant C{M,uo,vo,q) > 0 
such that 


|;-|<2’^0<^'<OO 


{0’^Xm,nO''(f)Y dfrs^{-00,v') +C\u\ ^ ^ Eg.fm,n,l)[0’"(f]- 

\k\<2 

( 6 . 1 ) 


Proof. Let {u,v,9,ip) G Duo,vo- We can then apply the fundamental theorem of calculus, 
while keeping {9, ip) hxed, to obtain 

/ U 

\du(t)\{ufv,9,ip) du'. 

■00 

In order to convert the L^ norm above into an L^ norm, we apply Cauchy-Schwarz 

/ u nu 

\u\~‘^du \u 1“^ {du(j))‘^ {uf V, 9, (f) duf ( 6 . 2 ) 

■00 J —00 
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where p > 1. 

Now we integrate both sides over and commute with angular momentum operators Oj, 
so that we can apply a standard Sobolev inequality on to conclude 




,v,0,^)<cy' [ (oy) 

|A:|<2 


(i/4§2( —oo, v) + C\u 


-1 


\u\‘^{duO’^(j)y, (6.3) 


'H,. 


where C* > 0 is a constant. The weighted integral on the right-hand side can be 

bounded by a suitably energy flux, 

f < f ■ du, 

JH.. Jh„ 


with q > 0. Combining (6.3) with Proposition 5.1 immediately gives uniform pointwise 


boundedness of 0 in Du^^vo Similarly, we obtain uniform pointwise boundedness of Xm,n(l) by 
applying the energy estimate in Proposition |5.2| instead. □ 


We have now proved Theorem 3.3 


6.2. C'°-extendibility of d'^d'^O^cf). We can use Proposition 5.2 to show that can 


be extended as continuous functions beyond the Cauchy horizon CV/ . We introduce the 
second-order differential operator Xm,n,u defined by 

Proposition 6.2. Let the initial data for 0 satisfy 

^ ^ Eq-^(^rn,n,l)[0 (/>] < CX), 

| fc|<2 


for q > 1. 

Let be a point on C'K^. Then, for x G Duq^vq, 

lim {Xra,n,l<l)){x) 

X — 

is well-defined, so Xm,n,i4> can he extended as a (7° function to the region beyond CTL^. 

Proof. Consider a sequence of points Xk in \ such that lim^^oo The 

sequence {xk} is in particular a Cauchy sequence. We will show that the sequence of points 
{Xm,n,i(f>){xk) must also be a Cauchy sequence, from which it follows immediately that the 
sequence converges to a finite number as A; —>■ oo. 

For simplicity, we will take m — n = I = 0, but the steps of the proof can be repeated for 
the general case. Denote Xk = {uk, 14, 9k, (fk)- Let I > k, then 

\(f){xi) - 4){xk)\^ < \(j){ui,Vk,Ok,(pk) - (l){uk,Vk,Ok,(pk)\‘^ + \(l){uk,Vi,9k,(pk) - (f>{uk,Vk,9k,(pk)\‘^ 

-(- \(j)(^Uk, 14 5 9i, ipk) 14) 9k, 'pk')\ T |0(^fc) 14) 9 k, 'pi) (f{Uk, 14) 9 k, | 


By the fundamental theorem of calculus, a Sobolev inequality on and Cauchy-Schwarz, 
we can estimate for g > 0 
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Similarly, we find that for g > 1, 

Id, i^k) ^ki ^ki I 
< c |(id - uy-^ - (14 - MY-^\ Y, 

\s\<2 


'■Vi 


'Vk Js^ 
MVi) 


{y - Mf-ydvO^(Pf{u, V, Ok, ^k) dfis^dV 


lv{Vk) JS2 


(m, n, 6k, ^k) d^ig^dv 


< c |(id - uy-^ - (14 - My-^\ Y 

\s\<2 

< c |(id - uy-^ - (14 - My-^\ Y [ J2A0'<P] ■ 9., 

| s |<2 

where we used that (Id — My~^ ~ and {dyO^cjyydV ~ v‘^{d„0^(j)ydv. 

Finally, we can estimate by Cauchy-Schwarz on §^, 

14('u/j, Vi,6i, ^Pk) (py^k, '^k, 6k ) ^fc)I “1“ \yy^k-i , 6k, yy^k, ^k, 6k, 9^^)i 
<c[ \ f4>y{uk, Vk, 6, if) d/i§2 <c [ 

where we need g > 0. 

By the above estimates it follows that (p{pk) must also be a Cauchy sequence if the energies 
on the right-hand sides are hnite. 

We use Proposition 5^ with g > 1 to estimate the energies on the right-hand side by 
initial energies. We also use that for g > 1 we can estimate, by applying the fundamental 
theorem of calculus together with Cauchy-Schwarz, 


Y sup f {0"X^^n,l(py <CY Eq,(m,n,l)[0 

|^|< 2 ^ 0 <^'< Oo 7 s 2 |^|<2 


□ 


We have now proved Theorem 3.4 


6.3. Decay of dy. Consider the function (j)-k[+ : Ai fl Duo,vo M dehned by 

yn+iu,v,6,(p) := (j){-oo,v,6,(p). 

In particular, du4>H+ = 0. 

We consider y := (p — (pu+- We can obtain pointwise decay in ip with respect to |m| and 
use the wave equation (1.1) to obtain decay of \dy \ in v. 

Proposition 6.3. Let 0 < g < 2. There exists a constant C = C{M,uo,vo,q) > 0, such 
that for all Hu and Hu in Duq,vo, 


■ du + 


j^^yy] ■ du 


J Hu 

< C\u\ 




,s+e 


{du^y +1^01' + 


+ c 




j^Hy]-9u, 


d'H+n{u>uo} 

with 0 < s < 1 and e > 0 arbitrarily small. 

In particular, using that the initial data for cp must satisfy for any 0 < s < 1 


u'‘^{du(py + u' dps^du 


/-2 


/S2 


< DJu\ 


V=Vo 
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where Dg is a constant, we have that 


ui. a 


J Hu 

< C\u\ 




,s+e 




+ Ds 


.J 'H+r\{v>VQ} 

:= C\u\-^KM- 

Proof. We have that 

2^l‘^Dg^jJ = —2^lfDg4>\'^+ = —2r~^durd.u(f>H+ + 2r2^42i0-^+. 
Consequently, we can estimate, 

2n^\ngfj\ < C{v + |m|)-2 {\d,M + \1/M + lyWl) • 

By applying the divergence theorem in Du^^vo we obtain the following error term: 


MnDuQ,vQeiW<u} 

/ U pv 

■oo J Vq 

By Cauchy-Schwarz, we can estimate for rj > 0 



v+ |m|) + v‘^\dy'ijj\) + I'^cpn+l + 2Pi^r‘^dngidvdu. 




+ |m| ^ + {v +\u\) + v'^\u\^^'^) {dy4>n+y + \ f4>H+\‘^ + \ f‘^4>n+'‘^ 

We further estimate for 0 < s < 1, 

(t+ + \{dy(j)n+f + \ f(f>n+\‘^ + \ f'^4>H+\‘^ 


< C\u\-^-%vP-^+^+^ +{dycfnry + \fM" + 


Hence, 




/ MnDuQ,vQr\{u' <u} 



< C\u\-^ / 

JH+r\{v'>vo} 

where we used that 


^^p-2+s+r, ^ ^,-2+s+p^ ^ ^ |y^|2 ^ |y2^|2\ ^ 


{dy(Pn+? + IfM" + ir0H+r ~ (dMnr + + \f <P\X^- 

The remaining terms in [ip] and the terms in K^P’'> [ip] can be estimated as in Proposition 
5.1[ applying Lemma 4.1 □ 


Proposition 6.4. Lett) < s < 1. There exists a constant C = C{M,vq,Uq, s) > 0 such that, 


I Q2 

^U,V 


ly Vr ^ Eg,,[0’^ 


k=l 
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Proof. Apply the proof of Proposition 6.1[ together with the energy estimates for in Propo¬ 
sition 16.31 □ 


We can rewrite the wave equation (1.1) as a transport equation: 

du{rdy(j)) = -dyrdu4> + rd^r/^f). 

Consequently, after integrating in u and over we can estimate 


(6.4) 


/S2 


(i/i§2 < / {dy(f)Y{-oo,v) dfis'2 + 


/§2 


/§2 


dyrdu4> duj (i/i§2 


rdyr$.il) du' ) (i/i §2 


(6.5) 


rdyv/^cfn+du'j dp§2. 

—oo / 

Proposition 6.5. For any e > 0, there exists a constant C = C{M,vo,uo,e) > 0 such that, 


'si. 


{dy(j))^{u,v,6,ip) djj.^ < / {dycfY djj.^ + C{v + \u\) ^|m| "'K 




+ C'(n + |M|)-^+^^Ei_,;o[OV] 

k=l 

+ C{v+\u\)-^J2 [ 


j 92 

fc = l —oo,i; 


Moreover, we can estimate 

{dy(j)Y{u,v,9,Lp) d/i^ < 


f Q2 

^u,v 


I 92 

‘'^ — oo,v 


{dy(j)) dfi^ + c{v+\u\) \u\ '^EY4>] 


+ C{v + |m|) log 


V + 

\u\ 


\u\ 





k=l 

2 


+ c(!. + h)-=^ / (OG) 

k=l S_^. .. 


for e > 0 arbitrarily small. 

In particular, cf can be extended as a function beyond CPi^, for a < 1. 


Proof. We apply the energy estimate in Proposition 5.1 and the improved L^(§^) estimate in 
Proposition 6.4 to estimate the right-hand side of (6.5). We need in particular the following 
integral estimates: 


pu 

+ 

1 

J —OO 


pu 

+ 

1 

J — 00 





\-2 


V 

\u\ 


\u\ 



for 0 < s < 1 and rj > 0 arbitrarily small, to arrive at the estimates in the proposition. 
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We can replace 0 by 00 and 0^0 in the above arguments to obtain, after applying a stan¬ 
dard Sobolev inequality on the spheres an L°° estimate for 0^,0. We have in particular 
that is uniformly bounded in M. for suitable initial data, for all 0 < a < 1. 

It immediately follows that 0 can be extended as a 0°’" function beyond . □ 


We have now proved Theorem 3.5 


A . 
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